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Abstract  This paper unifies three complementary approaches to defining, identifying,
and estimating causal effects: the classical structural equations approach of the Cowles
Commision; methods of the labor econometrics and related treatment effects literatures;
and the structural Directed Acyclic Graph (DAG) approach of the machine learning lit-
erature. The settable system framework nests these prior approaches, while affording
significant improvements to each. For example, the settable system approach permits
identification of causal effects without requiring exogenous instruments; instead, a weaker
conditional exogeneity condition suffices. It removes the stable unit treatment value as-
sumption of the treatment effect approach and provides significant insight into the selec-
tion of covariates. It generalizes the DAG approach by accommodating mutual causality
and attributes. We provide a variety of results ensuring structural identification of gen-
eral covariate-conditioned average causal effects, laying the foundation for parametric and

nonparametric estimation of effects of interest and new tests for structural identification.
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1 Introduction

The introduction by Tinbergen, Frisch, Koopmans, Haavelmo, Marschak, and the
other pioneers of the Cowles Commission in the late 1940s and early 1950s of the “simulta-
neous equations” or “structural equations” approach to econometric modeling revolution-
ized economics by providing sophisticated methods with which to attempt to understand
and measure causal effects in economics. Despite this momentous advance, economists’
focus on causal relationships declined in the following decades, due at least in part to the
difficult conceptual and statistical issues raised in the ensuing scholarly debate. Hoover
(2004) provides enlightening documentation and discussion of this decline; he further
documents the strong resurgence of interest in causal issues in economics over the last
decade.

This resurgence has been led by the work of a group prominently populated by labor
economists, including that of Heckman and Robb (1985), Heckman, Ichimura, and Todd
(1997, 1998), Angrist (1998), Hahn (1998), Hirano and Imbens (2001), Hirano, Imbens,
and Ridder (2003), Heckman, Urzua, and Vytlacil (2005) (HUV), and Heckman and Vyt-
lacil (2005) (HV). These authors have developed powerful methods for estimating causal
effects, blending the classical structural equations approach with methods developed in
the treatment effects literature by Rubin (1974) and Rosenbaum and Rubin (1983).

Another important strand of thinking about causal structures has emerged from the
machine learning literature. There, Pearl (1988, 1993a, 1993b, 1995, 1998, 2000) and
his colleagues (Verma and Pearl, 1992; Spirtes, Glymour, and Scheines, 1993 (SGS); and
Dawid, 2002, among others) have developed insightful techniques for analyzing causal
structures using directed acyclic graphs (DAGs).

These different approaches to understanding causality are not fully compatible, as
each admits certain features ruled out by the others. So far, there does not exist a
formal mathematical framework that encompasses these various approaches to defining,
identifying, modeling, and estimating causal effects. Our goal here is to provide such a
framework, permitting rigorous definitions of notions of cause and effect; and then, based
on this framework, to provide conditions for the identification of causal effects of interest.
In a companion paper (White and Chalak 2006), we study parametric and nonparametric
estimators of these effects.

The “settable system” framework proposed here requires a non-trivial reconsideration
of the foundations of each of the approaches it seeks to unify. This would not be worth
the required effort unless it yields significant benefits relative to each prior approach. In
fact, settable systems offer important improvements and advantages in each case.

Specifically, relative to the classical structural equations approach, settable systems



permit the identification of well-defined causal effects in the absence of traditional ex-
ogenous variables. Instead, weaker conditional exogeneity conditions suffice, yielding an
extension of the concept of instrumental variables. Our framework shares the flexibility of
modern treatments of structural equations, such as Matzkin (2003, 2004, 2005), Imbens
and Newey (2003), HUV, and HV, by not imposing the classical restrictions of linearity
or separability on the structural relations. The effects of interest identified here do not,
however, require the monotonicity requirements imposed by Matzkin (2004, 2005) and
Imbens and Newey (2003). Our framework also accommodates unobserved (“essential” )
heterogeneity emphasized by HUV and HV. It thus provides a framework complementing
the work of Matzkin (2003, 2004, 2005), Imbens and Newey (2003), HUV, and HV that
permits the causal notions either implicit or explicit in their approaches to be fully for-
malized and that permits generalizations of their methods. Another benefit is that the
identification results that emerge provide a significant refinement of the standard ceteris
paribus interpretation of estimated regression coefficients.

Relative to the treatment effects literature, which assumes that the treated units
respond passively to treatment, the settable system framework permits the units to be
active optimizing agents and explicitly permits these agents to interact with one another.
A significant consequence is that agents may be affected not only by treatments applied
to them specifically, but also by treatments applied to others. We thus explicitly remove
the Stable Unit Treatment Value Assumption (SUTVA) standard in the treatment effects
literature. The settable system framework introduces precise definitions of interventions
and counterfactuals and clarifies their relation. It further provides significant insight into
the selection of the covariates required to ensure identification of causal effects and into
the central role of economic theory and domain knowledge in specifying covariates.

Much of the treatment effects literature analyzes effects of single binary treatments.
The settable systems analyzed here admit multiple treatments, each of which may be
binary, categorical, or continuous. We thus provide causal foundations and identification
results complementary to the treatment effects literature, including those that analyze
more general treatments (e.g., Robins, Hernan, and Brumback, 2000; Lechner, 2001;
Imbens and Newey, 2003; Hirano and Imbens, 2004; Robins, Hernan, and Siebert, 2004).

Relative to the machine learning literature focused on DAGs, the settable system
framework provides a formal framework in which notions of mutual causality, central to
economic concerns with optimization and equilibrium, are well defined and non-paradoxical.
The settable system framework provides an underlying foundation from which standard
directed acyclic graph-based causal structures can emerge as special cases, without having

to impose useful properties (e.g., acyclicality) as axiomatic. Settable systems also provide



a complement to work in the machine learning literature studying the causal interpre-
tation of graphs in which the requirements of directedness and acyclicality are removed
(e.g. Lauritzen and Richardson, 2002). The settable system framework further accom-
modates attributes that may act as response and effect modifiers, and it leads naturally
to straightforward and general statistical methods for estimating causal effects.

Section 2 gives formal definitions of the settable systems supporting our further analy-
sis. We blend ideas explicit and implicit in the classical structural equations framework
with concepts from the treatment effect literature and the structural DAG approach of
the machine learning literature. The result is a framework possessing two complementary
components, one providing stochastic structure and the other explicit causal structure.

As our causal structure accommodates definitions of causal effects for binary, cate-
gorical, and continuous causes, we consider two kinds of effects: marginal ceteris paribus
effects, involving an infinitesimal change to a continuous cause of interest holding all
other causes of interest fixed; and effects of more general interventions, involving non-
infinitesimal changes to multiple causes of interest.

Because the variables involved in the responses underlying these effects typically can-
not all be observed, we study expectations or averages of these effects, conditioned on ob-
servable covariates. In Section 3 we use settable systems to define covariate-conditioned
average effects, formalizing concepts of Pearl (1995, 2000) and extending notions of con-
ditional effects introduced by Abadie and Imbens (2002). We introduce the notion of
conditional exogeneity and show how this ensures sturctural identification, that is, the
equality of the covariate-conditioned average counterfactural response with the standard
conditional expectation of the response given causes of interest and covariates.

Section 4 studies structural identification of general effects on the conditional counter-
factual response distribution, based on covariate-conditioned explicit momemnts, optimiz-
ers, and implicit moments. We examine how conditional effects can be used to construct
unconditional effects and contrast structural identification with “stochastic identification,”
which corresponds to the absence of exact multicollinearity in linear regression.

Section 5 treats structural identification without conditional exogeneity, providing
local identification and near identification results. We introduce the “discrepancy” and
“marginal discrepancy” scores, which quantify departures from conditional exogeneity.

Section 6 discusses selection of covariates using “predicitve proxies,” based on results
of Section 3. Section 7 discusses the relation between conditional exogeneity and the
treatment effect literature notion of “unconfoundedness.” Section 8 provides a summary

and concluding remarks. The Mathematical Appendix contains all proofs.



2 Settable Systems and Causality
2.1 Attribute-Indexed Settable Systems
We begin by defining settable systems, a mathematical framework that supports formal

notions of cause and effect.

Definition 2.1 Let (2, F, P) be a complete probability space, and let A be a non-

empty multi-dimensional Borel set. For agents h = 1,2,..., let attributes a; belong to
A, and put @ = {ap}. For h =0,1,..., and j = 1,2,..., let settings Z,; : @ — R be
measurable functions. For h = 1,2,... and j = 1,2,..., let attribute-indexed response

Junctions 7, j : R*® x A*° — R be measurable functions.

For h =1,2,...and j = 1,2,..., let Zy,; be the vector including every setting except
Zy,j , and define the attribute-indexed settable variables X, ; : {0,1} x  — R such that

Xi(1,-) = Zy;
Xh,j(()?') - rh,j(Z(h,j)aa)'

Forh:Oandjzl,Q,...,let)(h,j (0,'):)(’}%]' (L’):Zh,j-

PuwZ2={2%,:7=12,..;h=0,1,...}, r={r,;,j =1,2,..; h=1,2,...}, and
X={X,,j=12..:h=01.}

The pair § = {(Q, F, P), (A,a,Z,r,X)} is an attribute-indexed settable system. M

In this definition each of a collection of agents (h =1,2,...) responds to an environment
consisting of the other agents in the collection. The notion of “agent” should be inter-
preted broadly. This may be an individual economic agent, such as a consumer or firm,;
a collection of individual agents, such as an industry or market; or a physical, natural,
or technological process, such as a production function. This framework thus permits
analysis of systems in the social sciences as well as in the clinical or natural sciences.
Our focus is on economic systems. In non-economic contexts, our agents might be

L«

viewed as passive responders called “units,” “subjects,” “cases,” or “patients.” We do
not rule out passive responders, but it is important for our language to reflect the active
and interactive nature of the components of economic systems. Further, our interactive
structure maps directly to the primitive structures of economic theory.

Fach agent h has an attribute vector a; belonging to the multi-dimensional attribute
space A, with dimensions for each possible characteristic of the agent, including what

kind of agent it is (individual, firm, market, technological process). Attributes a; are



fixed characteristics, such as the race or gender of an individual. If a given attribute is
not strictly immutable in some larger context (e.g., gender), we view it as determined in
some more comprehensive system that nests the present system. Thus, within a given
settable system, attributes can vary across agents but are fixed for a given agent.

The jth response of agent h, denoted Y} ; = &}, ;(0, - ), depends on settings Z, ;) =
X (1, - ) and attributes a. The key idea is that Y}, ; is generated by setting all other
variables of the system to Z(, ), leaving only the jth variable for agent A free to respond
however the agent may determine, represented as 75, ;(Z ), @ ). The agent’s response
may depend not only on its own attributes, but also others’ characteristics.

For example, Y;; may represent an individual’s wage as it responds, among other
things, to settings of the individual’s education and ability, given that individual’s race
and gender attributes. Or Y;; may represent the market price of a call option as it
responds to settings of the risk-free interest rate and underlying asset price, given that
option’s attributes of underlying asset, strike price, and expiration date.

Although settings and attributes are conceptually distinct, we often need to refer to
them jointly. For convenience, we refer jointly to settings and attributes as explanatory
variables. As Hoover (2001, pp. 147-148) notes, Wold argued for the “explanatory vari-
ables” nomenclature so as to avoid referring directly to “causal” variables, given the lack
of a clear meaning of causality. (See also Hoover, 2001, section 7.1.) Our use is distinct,
in that within our framework causal meanings will be crisply defined. Nevertheless, the
spirit is similar, in that explanatory variables are not necessarily causal: as discussed
below, attributes are not causal.

The response relation Y3, ; = 74;(Z(1,), a) corresponds directly to a classical structural
equation. A key difference between these is that classical structural equations are often
“simultaneous,” whereas our response relations by construction do not admit simultaneity.
Simultaneity arises when the same variables occur on both the left- and right-hand sides in
a system of structural equations. In settable systems, simultaneity is ruled out, because
when a settable variable appears on the left-hand side, it is as a response, &} ;(0, - ),
whereas when it appears on the right, it is as a setting, &} ;(1, - ). This formalizes a
device introduced in Strotz and Wold (1960) and later used by Fisher (1970) that Strotz
and Wold describe as “wiping out” equations of the system that otherwise govern the
behavior of a given variable, and replacing these with arbitrary values (“settings” here).
This device is also at work in Pearl’s DAG approach (e.g., Pearl, 1995, 1998) where it
is referred to as “intervention.” We employ “setting” to convey the same idea, reserving
“intervention” for formal definition later in a closely related context.

The response relation corresponds to Pearl’s “functional causal equation” (see e.g.,



Pearl, 2000, p. 27). Here, however, we do not (yet) distinguish between observable and
unobservable causes and we permit the appearance of attributes.

Our discussion above refers to agents h = 1,2,... ; the definition also references
settings Zp,; for h = 0. Nevertheless, h = 0 does not refer to an agent. Rather,
Zy = {Zo; : j = 1,2,...} refers to particular settings that play a unique role in the
settable system. For example, some agents’ responses may not depend on any other
variable of the system. For such cases, for a given index j* Z;; specifies the “default”
value for such a response: for some indexes h and j, &} ;(0,-) = Zy;«. A second role is
that of “initial” values: the impact of other variables is to change the response &}, ;(0, - )
to something different than its initial value, Zy j«. A third role for Z, containing the first
two as special cases, is as “fundamental” variables, in that X; has settings Zy = Xy(1,-)
that may impact other system variables, but its responses Xy(0, ) do not depend on any
other system variables. This justifies our convention Ay(0,-) = Xy(1,-).

We relate Rubin’s (1974) treatment effect framework to Definition 2.1 using Holland’s
(1986) mathematical description. Holland represents Rubin’s framework as a quadruple
(U, K, Y, S), withsets U and K, Y : Ux K - R, and S : U — K. U contains
the population of “units” whose responses to treatment are of interest. K contains
the admissible values of treatment “labels” (e.g., K = {t, ¢}, with “¢” for treated, “c”
for control). Y is the “potential outcome” function: Y (u, k) is the response of unit
u to treatment k. S is the treatment assignment function: unit u receives treatment
S(u) € K. Holland also references other measurements X : U x K — R (e.g., covariates),
and a special measurement X : U — R explicitly identified as attributes.

The function ¥ : U x K — R corresponds to a response function, say r.; : R x
A* — R in Definition 2.1. The units u of U correspond to agents h € {1,2,...} of
Definition 2.1. Holland’s K is the analog of R*°. By restricting r.; to depend on a
single variable (treatment) and not to depend on attributes except through the agent
index, we obtain mapping Y. The treatment assignment S(u) corresponds to a setting,
say Zpz2, in Definition 2.1. The covariates X correspond to other responses or settings
in Definition 2.1, and Holland’s attributes X (u) correspond to attributes a;. Thus,
Holland’s formulation of Rubin’s treatment effect framework is contained in Definition
2.1. Definition 2.1 contains much more, however. The stochastic structure (2, F, P) is
easily adjoined to Rubin’s framework, so this is not an important difference. A major
difference is that we allow agent optimizing behavior and interaction with other agents.

As a concrete example, Definition 2.1 permits trade. Consider an experiment in which
agents differ by the attribute of preferences and possess varying initial endowments of

several goods (fundamental settings). A subset is “treated” by receiving a standardized



additional endowment; a “control” group does not receive this increment. Then the agents
are permitted to trade, with the responses of interest being agents’ consumption of each
good after trading ceases. In such systems, the treatment of one agent generally affects
the responses of others. In the treatment effect literature, this is typically ruled out by
the Stable Unit Treatment Value Assumption (SUTVA) (Rubin, 1980, 1986): treatments
affect only treated units. We remove this: the response 7, ; may depend on the settings
of all other variables Z(; j), not just the settings for that agent.

Another difference between Rubin’s framework and the settable system framework is
that responses may differ not only on the basis of the agent’s own attributes, but also the

attributes of all other agents a given agent may interact with, either directly or indirectly.
2.2 Heuristics of Cause and Effect

The formal notion of response functions makes possible formal definitions of causality.
We begin with some heuristics. First, we emphasize that the notion of “cause” here is
not absolute: it is always defined relative to a specified settable system §. For given S,
the essential idea is that if, other things equal, the response of a given settable variable
X}, ; does not depend on the setting of some other settable variable Xy (7 # h or j # k),
then X does not cause &} ;. Otherwise, & causes A}, ;. We give formal definitions
below, but this suffices for now. We write X =|g &) ; if for a given S &} does not
cause &} ; according to this heuristic definition and X, =g A}, ; if X, causes &, ;.

We emphasize that causality is properly defined with respect to the settable variables
{ &, }, and not with respect to the random variables representing settings or responses
or to events involving these random variables. This reflects the explicit distinction pro-
vided by the settable system S between the stochastic structure (2, F, P) and the causal
structure (A, a, Z, r, X). Accordingly, we also call settable variables “causal variables.”
Causal variables &), ; thus generate random variables A}, ;(1, - ) and &} ;(0, - ).

Although the present framework is substantially inspired by the work of Pearl (1988,
1993a, 1993b, 1995, 1998, 2000) and of SGS, our focus on settable variables distinguishes it
from that work. There, causality is defined in terms of either events or random variables,
and it is formally aziomatic that if A causes B, then B does not cause A. (SGS, p. 42.)
This axiom rules out the perplexities of “simultaneous causation” in Pearl’s framework
and enforces acyclicality of the directed graphs embodying causal relations there.

This axiom is antithetical to economics, given our central interest in processes of
optimization and equilibrium. For example, in game theory, each agent’s behavior is
related to that of all others through the agent’s “best response” function. Formally, these
are response functions, as defined above. In the sense just given, each agent’s behavior is

caused by that of the others. Indeed, the lack of a satisfying way to handle this “mutual
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causality” may be one reason why the important advances of Pearl and his colleagues
have had less impact in economics than elsewhere. (For example, Shipley (2000) exposits
Pearl’s framework from a biological viewpoint.) In contrast, settable systems easily
handle mutual causality, without creating the perplexities of simultaneous causation.

To see this, consider that causality, as defined heuristically above, admits four possibil-
ities: X ={sA; and A} ; =g, ; (mutual non-causality); X; , ={sX),; and X, ; =5 Xjg
(directed causality from A}, ; to X;); Ay =|sXir and &, =g A ; (directed causality
from X to &} ;); and &, =g A, ; and &) ; =g A, (mutual causality). The latter case
creates no paradoxes or perplexities, because it arises from two separate scenarios, one in
which one variable is free to respond to the settings of the others, and another in which
the other variable is free to respond to the settings of the remaining variables.

Settable systems also admit causal “cycles.” That is, we may have X;; =g &},
Xn; =5 Xy, and Xy =g &) ;. This is a form of “indirect” mutual causality. Again there
is no paradox, due to the separation enforced between settings and responses.

Settable systems are both a refinement and an extension of Pearl’s framework. Dawid’s
(2002) “intervention directed acyclic graphs” (IDAGs) extend Pearl’s framework to ex-
plicitly accommodate “interventions” (direct changes) to each variable of the system.
Settable systems constitute an extension of Dawid’s IDAGs, in that a settable system can
be represented as a collection of modified IDAGS, one for each settable variable of the
system, each representing the response (causal) dependencies for a given settable variable.
Each such IDAG is modified in that it admits interventions only, and not to all system
variables, but to all but the settable variable whose response it represents.

Notions of “effect” are straightforwardly defined in terms of the response function.
Specifically, when the derivative exists, the marginal ceteris paribus effect on X, ; of X
gwen zg, ;) is (0/0% 1) rh; (2(n5), @). The “reciprocal” marginal ceteris paribus effect on
X of Xy given zq gy is (0/0zn;) Tix( 2@k, a). Because of the directionality of causal
relations, there is no necessary inverse relation between reciprocal effects. When X
does not cause &, ;, its marginal effects are zero everywhere. Nevertheless, the marginal
effect of X, on A}, ; can be zero for certain values of z, ;), even when A&, causes &} ; .

Effects involving several settings can also be readily defined. For example, the effect

on Xy ; of the intervention zy, ;) — szh,j) to X j), is the difference

Arn i (2h), Z(ngy> @) = Thig(Z(ng)> @) = Thii(Z(ng), @)-

In defining this, we use the notion of intervention, as is standard. At one level, this is

purely formal: an effect is a property of the response function involving evaluation at



two different values of its first argument. The intervention z, ;) — Z(hj) specifies the
two values. At another level, however, “intervention” implies active manipulation of
some kind, suggesting a change in the settings of X, ;) from 2, ;) to Z?h, i) Nevertheless,
this manipulation is purely conceptual and not empirically observable. The definition
compares the response under two possible outcomes of the settings, zZ‘h’ 5= Znjy(w*) and
Z(hj) = L) (w) for w*, w € Q. Accordingly, we formally define an intervention as a pair
(w,w*) of ) elements. Any effect of interest can be defined using this formalism. For
example, a marginal effect is the limit of a sequence of ratios involving such effects.

Empirically, only one realization from {2 operates to generate the observed data; for
a given intervention (w,w*), this realization need not correspond to either w* or w. Put
differently, if the realization from 2 generating the data is “fact,” then for a given in-
tervention, either w* or w or both must be counterfactual. Consistent with common
usage, we will speak of interventions as “changes in settings,” but with the conceptual
and counterfactual nature of the manipulations involved clearly in mind.

In contrast to settings, attributes do not depend on w so are fized in this precise
sense. For a given settable system, attributes are thus not subject to even the conceptual
manipulations applicable to settings. This justifies the convention that attributes do
not have causal properties, consonant with Holland and Rubin’s dictum, “No causation
without manipulation” (Holland, 1986, p. 959). In other words, attributes cannot act as
causes and cannot have effects. Rather, their role is to modify responses and effects.

By formalizing notions of interventions and effects as we have, we define these con-
cepts within the settable system. Another way to manipulate realizations of settings of
interest is to change the mappings 7 ; defining the settings, while keeping w fixed. This
corresponds to changing what Heckman (2006) calls the “policy regime.” For clarity, we
call such alterations modifications to the settable system. Modifications are not necessary
for defining concepts of effect, so we do not employ them for this purpose.

Modifications play other important roles, however. Certain modifications correspond
to the exercise of experimental control. For example, modifying the stochastic structure by
altering the probability measure P can give different patterns of treatment assignment. In
particular, randomized treatment assignments are useful for learning about causal effects,
so one may exercise experimental control to enforce a randomizing P.

Modifying the causal structure can also involve experimental control. For example,
the choice of mapping Z can determine whether treatments are binary, categorical, or
continuous. These choices are part of the design of the experiment. Modifying the
attribute space and the attribute sequence permits a choice of the population of agents

studied: by this means one may focus a given study on women, on collections of neurons,
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or on firms in a given industry, pre-merger or post-merger.

Accordingly, one may view a system as an experiment and view modifications to the
system as the exercise of experimental control implementing experimental design.

Not all modifications of settable systems require physical control, however. An espe-
cially important modification may involve only conceptual manipulations. These impact
the response functions by partitioning the settable system in useful ways. As we discuss
below, partitions that lead to recursive structures can be particularly useful.

Although settable systems admit mutual causality and cycles without paradox, sys-
tems in which these are absent are more straightforward to analyze. To keep the analysis
here manageable, we focus on identifying causal effects in such systems. We leave analysis

of causal effects in systems admitting mutual causality or cycles to other work.
2.3 Partitioned Settable Systems and Formal Causality
To resolve mutual causalities, we begin by defining partioned systems.

Definition 2.2 Let (2, F, P), A, a, and Z be as in Definition 2.1. Suppose that
settings of A}, ; are given by &,; (1, - ) =Z; ,j=1,2, ..., h=0,1,..., and let
IT = {II,} be a partition of the ordered pairs {(h, j): 7 =1,2,...; h=1,2,... }. Suppose
there exists a countable sequence of measurable functions r’! = {r,ll] ;} such that for all (h,

4) in II, the responses Y} ; = & ; (0, - ) are jointly determined as
Vi =i (Zg), a), b=1,2,...,

where Z() is the countable vector containing Z;, (i,k) ¢ II,. Then S = {(Q, F, P),
(A,a, Z,11, r1, X)} is an attribute-indezed partitioned settable system. W

The response functions 7“,137 ; give the joint response of settable variables within a block
to settings outside that block. The responses in a given block cannot depend on settings
in the same block, eliminating mutual causality within the block.

The response functions of Definition 2.1 correspond to the elementary partition with
typical block IT, = {(h,j)}. Other useful partitions group together all responses for a
given agent or collection of agents. The former case yields the agent partition, where
I, = {(b,j),j =1,2,...} (here b = h), permitting the responses to represent the outcome
of an agent’s (joint) optimization problem. The latter permits the responses to represent,
for example, the equilibrium price response of a competitive market or of a cartel.

To illustrate, consider a firm optimizing its factor inputs of capital and labor. The
joint response functions for capital and labor for the agent partition specify jointly optimal

choices for capital and labor in response to rents, wages, and other relevant factors. The
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response functions for the elementary partition embody short run responses separately
describing (1) the firm’s optimal choice of labor given settings of capital, wages, and
rents, and (2) the firm’s optimal choice of capital given settings of labor, wages, and
rents. Mutual causality exists between the capital and labor responses for the elementary
partition but are absent within the block for the agent partition.

As another example, consider a static game with complete information. Here each of
n agents has attributes defining their playable strategies (finite in number) and the utility
(payoff) derived from each configuration of playable strategies (an n-tuple). By employing
the agent partition I (each agent’s responses depend only on settings for the other agents)
the partitioned system can represent each player’s mixed strategy best response. This
is a vector of probabilities, each element of which specifies the probability that a given
player will play one of their availabe strategies. These best response probabilities are
determined by the probabilities other players assign to playing their available strategies.
Thus, A&}, ;(0, -) gives the probability that agent h will play strategy j, determined as a
function 7', (the best response function) of (1) the given probabilities of play X{xy(1, -)
for all other agents; and (2) agent h’s own attributes, ay.

Continuing this example, consider the partition II* that groups together all agents.
Now the responses represent each agent’s behavior solely as a function of the attributes
of all agents, namely their playable strategies and payoffs. A standard result of game
theory for this game (e.g., Gibbons, 1992, p. 45) ensures at least one mixed strategy Nash
equilibrium. Suppose this equilibrium is unique. Then A}, ;(0, - ) = r,rl{;(a) can represent
the mixed strategy equilibrium response for player h playing strategy j.

If Nash equilibrium is not unique, then an equilibrium selection mechanism will deliver
a unique equilibrium response. This can be straightforwardly accommodated by intro-
ducing fundamental variables Xy, in which case &}, ;(0, -) = 7} (Xo(1, -), a) represents the
selected mixed strategy equilibrium. More elaborate selection mechanisms are possible
(see, e.g. Bajari, Hong, and Ryan, 2004). Another role for Xj here is to determine the
observable action taken by each agent according to the selected equilibrium.

Although partitioning removes mutual causalities within a block, it still permits mu-
tual causalities between blocks or causal cycles. To make this precise and to define
structures in which both direct and indirect mutual causality are absent, we need a for-
mal definition of causality. We now have a sufficiently rich formal framework in which to
state the required definition. We add one more item of notation: for a given IT = {II,},
2),(i,;) denotes the vector with elements corresponding to every setting of the system
except those indexed by the elements of II, and by (i, k) ¢ II,.

Definition 2.3 Let S = {(, F, P), (A, a, Z, 11,7 X)} be an attribute-indexed par-
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titioned settable system. For given positive integer b, let (h,j) € II,. (i) If for given
(i, k) ¢ II, the function z;, — r,lzj(z(b), a) is constant in z; , for every zg) ;i x), then we say
X, does not cause Xy ; in S and write X, ={sA), ;. Otherwise, we say & causes &,
in S and write &; , =g A), ;. (i) For (i, k), (h,j) € Iy, Xy ={sA},;,. W

In defining non-causality, this definition formalizes the heuristic given above that the
response of &}, ; does not depend on the setting of &; ;. For brevity, we let the settings
take real values. Binary variables require only the admissible values {0, 1}, and similarly
for categorical or bounded continuous variables. Only the admissible values of z;; and
2(),(i,k) are relevant. Extensions where settable variables take values in a function space
(e.g. conditional probability densities) accommodate a causal role for beliefs.

Our definition corresponds to that of direct cause in Pearl’s structural DAG framework.
In other work (Chalak and White, 2006b) a carefully defined notion of indirect causality
plays a key role, but for present purposes direct causality suffices.

By definition, responses in a given block can depend only on settings in other blocks.
Part (ii) explicitly states the ensuing necessary within-block absence of causality. This
includes the convention that causality is non-reflexive: X, ={s &} . Generally, however,
when we write X}, ={s &} ;, it will be understood that the referenced variables belong to
different blocks, unless explicitly stated to the contrary.

The notations ={g and =g extend to accommodate disjoint sets of variables on the
left and right by the convention that the indicated relation holds between each pair of
left-hand and right-hand variables. Thus, &; ={s &}, means & ; ={s &}, ; for all £ and ;.

2.4 Recursive and Reduced Settable Systems

In the standard DAG framework, causality is anti-symmetric: an axiom is that “if A
causes B, then B does not cause A” (SGS, p. 42). So far we do not require this. We now

define a system with anti-symmetry.

Definition 2.4 Let S = {(Q, F, P), (A,a, Z, 11,7 X)} be an attribute-indexed parti-

tioned settable system. For b =1, 2, ..., let A} denote the vector containing the settable
variables A, ; for (h,j) € II, and let Ajg) = &p. If IT is such that X ={sXjo), - ., Ap-1],
b=1,2,..., then S is an attribute-indexed recursive settable system. M

This block recursive structure eliminates mutual causalities and cycles. It is an analog
of classical recursive systems analyzed by Simon (1953), Wold (1954, 1956), and Fisher
(1961, 1966), among others. The analogy is loose at best, however. Specifically, in
classical block recursive systems, the responses in a given block may be simultaneously

determined (e.g., Fisher, 1966, pp 99-100). Here, however, the responses in a given block
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are explicitly not mutually causal. Further, the classical unobservable disturbances must
obey a block diagonal covariance structure. Here, this need not hold, as unobservables in
a given block may have effects in succeeding blocks.

Every attribute-indexed settable system can be partitioned to form at least one re-
cursive system. Specifically, form the two block fundamental partition containing Xj in
block b = 0 and X(g) (the remaining settable variables) in block b = 1.

The block ordering enables us to refer to “levels” b of the partition, and to define
“successors” (higher level blocks or their elements) and “predecessors” (lower level blocks
or their elements). If A}, ; belongs to a block succeeding that containing A&; j, we say A,
S-succeeds X, or X i, S-precedes X, ; and write &), j <=5 X ;. Then &), ; <=5 &} ;, implies
Xy j =|sXik, but the converse does not hold, nor does &}, ; <=s X imply &, =5 A ;.
When &}, ; suceeds each element of a vector X, we write X, ; < X.

So far, time has played no role here, as there has been no formal need for it. Nev-
ertheless, time can play an important role by imposing natural recursive structure. To

b

specify this role, we introduce a special identifier, “time,” such that settings or responses
for different time indexes are necessarily distinct. For agent h, this means that the in-
dexes j implicitly depend on time, such that settings or responses for different times, say
t # t', necessarily have j # j’.  With this dependence explicit, settable variables are
indexed by (h, j,t); (j,t) now plays the role previously played by j. (Attributes may also
be time-indexed; as such, they are deterministic functions of time, such as age.)

With time explicit, the settable system obeys weak time structure if for all (i, k) and
(J,h) Xige ={s X j,forallt > 7.t =1,2,.... It obeys strong time structure if for all (i, k)
and (j,h) Xipr =|sXh ;- forallt > 7,t=1,2,.... Strong time structure thus rules out
“contemporaneous” causality. In the classical framework, this eliminates simultaneity
(cf. Wold, 1954, 1956; Cartwright, 1989). Here this eliminates mutual causality and
cycles. Weak time structure permits these. In practice, empirical researchers often use
weak time structures. Economic theory then provides further structure, specifying which
causal variables may or may not cause which others.

It may seem counterintuitive that weak time structure is preferred to strong in practice,
as contemporaneous causation may seem both physically and metaphysically unappeal-
ing. This preference may be a response to the fact that the operational time scale at
which responses occur may be much smaller than the observational time scale on which
responses are measured. As the researcher can only work with measured responses, con-
temporaneous causation may afford a useful approximation to the observed phenomena.

Although settable systems permit explicit consideration of time and dynamics, to keep

the analysis manageable, we revert to our previous implicit treatment, but recognize that
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recursive structures may arise in significant part from temporal relationships. In game
theoretic terms, the system can be viewed as representing repeated or dynamic games in
extensive form.

Recursive settable systems are especially convenient because, as we now show, the
settings of predecessor variables driving a given response can be viewed as responses to
further predecessor settings. Nor is it necessary to be fully explicit about such predecessor
responses. This is especially useful in economics, where both the ability to directly set
potential causes and the full understanding of their genesis otherwise may be absent.

To justify this claim, we introduce convenient notation. Let rﬁ){] denote the joint

response functions for levels b = 1, 2, ... of a recursive settable system such that

Xy (0, ) = i (Xioy(1,-), - -, Xy (1, )

For simplicity, we leave attributes implicit. Let Zp = Afy(1,-) denote the settings of

Xy, b=0,1,.... We define canonical settings recursively as
Z[b] = T[l;)[](X[O](lv ')9 BRRR X[b*l}(]-y )), b= 1, 2, e

These are valid settings, because Zj is a composition of measurable functions, which
are themselves measurable functions. They are canonical in that by construction Zy =
Ay (0,-), b=0,1, ..., so0 that

Z[b} = T[lg](X[O} (07 ')7 X[l](O, ')7 ey X[b_l](07 ~))

Consequently, these are the settings generated in the absence of experimental control.
When the settings are canonical, we can view the settings driving the response at any

level as responses to predecessor settings. Although this may seem to blur the distinction

between settings and responses, it will continue to be helpful to recognize this distinction,

if only implicitly. We formalize the discussion above as follows.

Definition 2.5 Let S = {(Q,F, P), (A,a, Z,11,7"', X)} be an attribute-indexed recur-

sive settable system. Suppose the settings are the canonical settings such that
X[b](l, ) = Z[b] = T[lg](.)([o](l, -), cey X[b,l}(l, )), b= 1, 2, ce

Then S is an attribute-indexed canonical recursive settable system. W

In the classical framework, recursivity eliminates simultaneity but does not by itself elimi-

nate “endogeneity,” i.e., the correlation of observable right-hand side variables with unob-
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servable causes. The classical reduced form eliminates endogeneity as well as simultaneity
by solving a system of structural equations to express the endogenous variables as func-
tions of observable exogenous variables, independent of unobservable “error terms.” In the
recursive case, simple substitution suffices. In the simultaneous case, the reduced form
equations represent the fixed point or equilibrium (assuming it exists) of the underlying
simultaneous equations (see e.g., Fisher, 1970 and Matzkin, 2005).

The settable system analog of the reduced form is given by the fundamental partition
I1° defined above. Here

0
Xp1y(0, ) = iy (Xoy(1,)),

where &jg) = X and &[;) = Xg), the non-fundamental variables. We call rﬁf the “reduced

7 There are several important differences between the classical reduced

response function.
form and the reduced response. First, although &g (1, -) is determined outside the system,
it is not exogenous in the standard sense. Some elements of the fundamental variables
may be observed, whereas others may not. Further, even if some are observable, we do
not assume independence between observables and unobservables. Nor do we assume the
separability of the reduced response between its observable and unobservable arguments,
as does the classical reduced form.

Moreover, our goal is to identify and ultimately estimate effects of non-fundamental
variables on particular successors. As we show, we can identify these effects without

involving the reduced response. Accordingly, we do not consider it futher.
2.5 Constructing Recursive Settable Systems

It is not always obvious how to construct a recursive settable system from a given
system admiting mutual causality or cycles; this is often true even in their absence.
Fortunately, powerful methods for obtaining recursive systems are provided by graph
theory.

Specifically, for finite settable systems (realistic in practice), proposition 1.4.3 of Bang-
Jensen and Gutin (2001) (BJG) establishes the existence of a recursive settable system
whenever a partitioned system is acyclic. The DFSA algorithm of BJG (chapter 4.2)
delivers the required ordering of the variables.

For systems with mutual causalities or cycles, notions of joint optimization and equi-
librium can play a central role in suggesting partitions yielding recursive structures, as
our examples of Section 2.3 should suggest. Lauritzen and Richardson (2002, Section
6) discuss several physically motivated equilibrium processes. Equilibrium concepts and
processes relevant to economics (e.g., those of dynamic games) can be applied analogously.

This is an extensive topic that must necessarily be taken up elsewhere. Once a suitable
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acyclic structure has been found, the DFSA algorithm then delivers the required recursive

ordering of the settable variables.
2.6 Settable Systems Generating Samples

In applications, interest often focuses on comparable responses for a class of com-
parable agents, responding to settings with common meanings. For example, interest
might focus on retail store price responses at various locations to settings of wages, rents,
pre-existing density of nearby competitors, nearby consumer demographics, etc.

In such circumstances, one identifies a subset A of attribute space A designating the
comparable agents whose responses are of interest and then maps the relevant compa-
rable settable variables to a standardized collection of settable variables, (), Z,) say,

permitting representation of the responses as
Y. = T(Zh, ap, a(h)) ap € A, ) € A(h).

In this representation the notation = emphasizes the causal nature of the relation. This
makes causal roles clear even when settings and responses are not explicitly identified.
For our applications, we require that ), S-succeeds Z;, (), <s Z;). For convenience,
when this holds for each a; € A, we write ) <g Z.

We split the dependence of the responses on the attributes into two parts, the “own
attributes” a; of the agent, which by construction belong to A, and the “other agent
attributes” a(,). When other agent attributes enter the response, the relevant other
agents should be interpreted in relation to the given agent (e.g., as siblings, customers,
or potential competitors). We let Ay designate the space in which a() takes its values.

So far, we have focused on the full population of agents, h =1, 2, ... . In economics,
we usually observe only a sample from the population. Here, sampling corresponds to
generating random positive integers, say {H;}, governed by the probability measure P,

such that realizations of ay, belong to A. This yields sample responses
YHz‘ é7”(ZH“(]JHZ.,CI,(Hi)>, 221,2,

To simplify notation, let A; = (agm,,a(n,)), and, engaging in a mild abuse of notation,

write Z; = Zy, and Y; = Yy, so that sample responses can be represented as
Y; = r(Z;i, Ay), i=1,2,....

We refer to this standard sampling situation by saying that S generates a sample from A

involving settable variables (), Z).
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Although the dependence of agent responses on settings and attributes of other agents
introduces stochastic dependence among agents in the population, independent sampling
results in independence of sample observations, conditional on population values. Other
forms of sampling may preseve aspects of the population dependence. These may be
assessed in applications and dealt with appropriately for estimation and inference using
suitable laws of large numbers and central limit theorems. Our identification results will

not require independence.
3 Structural Identification with Conditional Exogeneity

We build on the foundations of Section 2 and add structure enabling us to define and

identify causal effects when not all relevant explanatory variables are observed.
3.1 A Causally Structured Data Generating Process

We first specify how the data are generated. Our conditions permit but do not require
randomization, as randomization is often not plausible in observational studies. In such
cases, suitable covariates can be exploited to identify effects of interest. The availability
of such covariates is typically assumed, but the literature provides little guidance as to
their construction. Our first assumption accommodates covariates in a way that yields
significant insight into their choice. Here, N denotes the natural numbers, including zero

by convention; N* denotes the positive integers; and N = NU {oo}.

Assumption A.1 Let an attribute-indexed recursive settable system S generate a
sample from A C A involving settable variables (), D, W, Z) such that ) <g¢ (D, W, 2).
In addition: (a) Let attributes {(A;, B;) = (4;, 4;, B;)} be a sequence of random vectors,
and let (D, W, Z) generate {(D;, W;, Z;) = (D;, W, Z;, Z;)} such that the joint distribution
of (D;, X;) = (Di,VVi,Z-,fli,Bi) is H and the conditional distribution of X; = (Zi,}ii)
given (D;, X;) = (d,z) is G(- | d,z) for all i = 1,2, ..., where D; is R¥-valued, k; € NT,
W; is R72-valued, ks € N, Z; is RFs-valued, k3 € N, Z; is RF-valued, k, € N, A; is ¢;-
valued, ¢ € N, A; is R-valued, ¢ € N, and B; is ¢3-valued, ¢5 € N; (b) The responses
{Y;} of Y are
Y; = r(Dy, Z;, Ay), i=1,2,...,

where 7 is an unknown measurable scalar-valued function; (c¢) (i) D «<=s (W, Z); (ii)
W «<g Z; (d) The realizations of Y;, D;, W;, Z;, A;, and B; are observed; those of Z; and
AZ are not. |

To see what this assumption entails, we begin with (b). This focuses attention on
the response of ); and the effects embodied in 7, as modified by relevant attributes, A;.

We consider a single response without essential loss of generality. The response does not
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depend on W; or B;. We thus call these “structurally irrelevant.” They nevertheless play
an instrumental role in identifying causal effects. We defer discussion of this role until
we have examined the response function more closely.

Because Y; S-succeeds (D;, Z;) for each i, ); does not cause (D;, Z;), either directly
or indirectly. We view D; and Z; as potential causes of ), as we may not we know a
priori which elements of D; and Z; are truly causal. Permitting (D;, Z;) to be countably
dimensioned (A.1(a)), ensures that we reference every variable truly causal for ).

We reference D and Z separately to single out D; as containing the causal variables
whose effects on ); are of primary interest. Interest in effects of Z; is secondary. We thus
call D; “causal variables of interest” and D; “causes of interest.” We call Z; “ancillary
causal variables” and Z; “ancillary causes.” Rosenbaum (1984) calls these “concomitants”;
our nomenclature emphasizes their causal role. The causes D; correspond to “treatments”
in the treatment effect literature. There, treatments are often a binary scalar. Here, D;
may be a vector with binary, categorical, or continuous components.

According to A.1(d), Y; and D; are observable, as are sub-vectors Z; and A; of Z
and A;, respectively.  Realizations of sub-vectors Z; and A; are not observed. We
call X; = (Z,flz) “observed” explanatory variables or “observables” and X; = (Zz,Az)
“unobserved” explanatory variables or “unobservables.”

Typically, economic theory does not provide strong guidance about r. Accordingly,
A.1(b) imposes the mildest possible structure on r.  Classical assumptions of linear-
ity or of separability between observables and unobservables are not imposed; nor are
monotonicity, convexity, or other specific structures. This provides a framework where
such restrictions can be tested. Correctly imposing such structure may not only help
to identify features of interest not otherwise identifiable (as in Matzkin, 2003) but also
enhance estimation efficiency. For brevity, we leave these possibilities aside here.

The response function r is assumed identical for all observations, but because r de-
pends explicitly on agent attributes this is without loss of generality. The unobserved
heterogeneity admitted here corresponds to the “essential heterogeneity” of HV and HUV.
When D; is itself a response, essential heterogeneity is also permitted in determining D;.

In A.1(b) the response incorporates both observed and unobserved “fixed effects.”
These are the attributes A;. Given the preceding discussion, the “fixed effect” nomencla-
ture appears singularly unhelpful. Attributes are indeed fixed, but they are not effects
(i.e., changes in a response with respect to an intervention) nor are they even potentially
causal, given their immutability. They are rather “fixed effect/response modifiers,” that
is, effect and response modifiers that are fixed.

The role of the observable but structurally irrelevant ; and B; is to serve as proxies
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for the unobservables X. We call W and B predictive prozies, as their role is to provide
predictive information about X. Wecall W “proxy settings” and B “proxy attributes.”
The imposed recursive structure ensures that ); does not cause W;, either directly or
indirectly. We call X = (W, Z, A, B) covariates. Below we examine in detail both the
instrumental role of the covariates in identifying effects of interest and their selection.

Assumption A.1(c.i) requires that D; S-succeeds both W, and Z; : both W, and Z;
may cause D;, but D; does not cause either W, or Z; either directly or indirectly. Often,
one can ensure this by measuring W; and Z; prior to assigning or measuring D; (e.g., see
Rosenbaum and Rubin, 1983). But this is not always convenient or appropriate; in such
cases A.1(c.i) is essential to a proper accounting of the effects of D; on ).

Specifically, if, contrary to A.1(c.i), elements of Z; respond either directly or indirectly
to D;, then these elements generally mediate some of the effects of D;. Rosenbaum (1984),
Angrist and Krueger (1999), Heckman and Vytlacil (2005), and Wooldridge (2005) among
others, discuss what happens when mediating causes are present, in violation of A.1(c.i).
Specifically, any statistical analysis of such a system will fail to recover the indirect effects
of D;, unless the analysis explicitly accounts for the mediating responses. The requirement
that D; S-succeed Z; is a weak analog of Assumption A-6 of HUV and HV.

As W,; is structurally irrelevant, it cannot mediate causal effects of D;. Nevertheless,
W; will be used to predict Y;, so A.1(c.i) precludes W; from absorbing some of the predic-
tive impact otherwise attributable to D;. We examine the motivation for A.1(c.ii) below.
Because the A;’s are attributes, they cannot be causally affected by any settable variable
of the system, and thus cannot mediate effects of D;.

Thus, we focus on the total effect of the causes of interest, encompassing both direct
and indirect effects, by requiring the covariates not to respond to the causes of interest.

In A.1(a), the probability measure P generates explanatory variables and predictive
proxies identically across observations. This can be weakened substantially without
changing the character of the results, but at great notational expense. We do not impose
independence, as this is not needed to analyze structural identification.

Assumption A.1(a) permits (D;, Z;, W;) to be arbitrary settings, canonical settings, or
a mix. For example, in a clinical study, D; may be a dosage set by the researcher. In
non-experimental situations, ID; may be a response to variables outside researcher control.
Assumption A.1(a) explicitly permits dependence between observables and unobservables.

Thus, the observed causes and covariates (D;, X;) are generally endogenous.

3.2 Structural Identification Via Conditional Expectations
Because we generally do not observe realizations of all structurally relevant causes and

attributes, we cannot estimate r itself, making the effects defined in Section 2 inaccessible.
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Heckman (2005) forcefully argues that notions of “effect” are inherently counterfactual.
As Dawid (2000) discusses, provided that the counterfactuals involved relate to certain
properly behaved averages, they can be assigned empirical meaning. We now show how
this works here by defining average counterfactual responses and providing conditions that
identify these with corresponding standard conditional expectations. This then supports
empirically meaningful definitions of effects.

We start with a representation of the conditional expectation of the response given
covariates. Let supp(D, X) denote the support of (D, X), the smallest measurable set
on which the density dH of (D, X) integrates to one. (We exploit identical distribution
(A.1(a, b)) to drop the subscript i). Corresponding to the notation X, X, and X, we

write T = (Z,a), & = (%,d), and = = (w, %, a, 5) We also write r(d, z,%) = r(d, z,a).

Proposition 3.1 Suppose Assumptions A.1(a, b) hold such that F(Y) < co. Then (i)
u(D,X)=E(Y | D,X) exists and is finite; and (ii) for each (d,z) in supp(D, X)

p(d,z) = /r(d,f,a’é) dG(Z | d,x). [

This represents u(d,x) as the average response given (D,X) = (d,z), or just the
“average response,” leaving conditioning implicit. We call 1 an average response function.
It tells us the expected response given realizations (d,z) of (D, X) generated according

to A.1(a, b) but does not say what to expect under interventions to causes of interest.
3.2.1 Covariate-Conditioned Average Effects

Given A.1(c.i), we can define a particular conditional expectation with a clear coun-
terfactual interpretation. Specifically, when E(r(d, Z, A)) exists and is finite for each d in

supp(D), we define the average counterfactual response at d given X = x as
pld,x) = E(r(d, Z,A) | X =z) = /T(d,fi‘,fi‘) dG(% | x),

where dG(- | ) is the conditional density of X given X = z. A.1(c.i) (D <3 (W, 2))
ensures that different values for d do not necessitate different realizations of (W, Z).
That is, we view p(d, z) as representing p(d, X (w)) for X (w) = =, where X explicitly

does not depend on d. Otherwise, one must consider

making the dependence of (W, Z7) (hence X) on d explicit. This permits analysis of
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mediated effects, but we leave this aside here. Given A.1(c.i), we thus interpret p(d, x)
as a representation in which d and x are variation-free without further explicit indication.

Pearl (1995, 2000) introduced the “do” operator to express counterfactual settings
of causes. If D is set to d, Pearl writes the expected response given X = x as E(Y |
do(d), X = ). In our framework, E(Y |do(d), X = z) = p(d, z).

The function p is a conditional analog of Blundell and Powell’s (2003) “average struc-
tural function.” We call p a covariate-conditioned counterfactual average response function
or a “counterfactual average response function,” leaving conditioning implicit.

Comparing p(d,z) and p(d, x), we see that dG(Z | d,x) appears in u(d, x), whereas
dG(Z|x) appears in p(d,z). If dG(- | d,z) = dG(- | x), then u(d,z) = p(d,z), so p does

provide counterfactual information. A sufficient condition for this is:
Assumption A.2 X is independent of D given X, written X 1 D | X . |

In A.2 we use Dawid’s (1979) conditional independence notation. This ensures that for
all relevant (d, z, &), dG(Z | d,x) = dG(& | =). By analogy with the use of “exogeneity” to
describe regressors independent of unobservable “disturbances” (e.g., Wooldridge, 2002,
p. 50), when A.2 holds we say D is conditionally exogenous. As is readily verified, this
concept is distinct from weak, strong, or super exogeneity (Engle, Hendry, and Richard,
1983). It contains strict exogeneity (X L D) as a special case (when X = 1). When the
covariates suffice to ensure conditional exogeneity for D, we call them sufficient covariates,
following Dawid (1979). Conditional exogeneity ensures Rosenbaum and Rubin’s (1983)
“unconfoundedness” condition. Section 7 provides discussion.

Conditional exogeneity holds under a generalization of randomization. Randomiza-
tion, in which D generates settings D; randomly and independently of all observed and
unobserved attributes and potential causes, was introduced by Fisher (1935, ch.2) as
a powerful means of identifying causal effects of interest. Our next result shows how

conditional exogeneity can be ensured by conditional randomization.

Assumption A.2" S involves settable variables U/ generating random vectors U;, i =
1,...,n such that (X;, X;,U;) is identically distributed, D; = ¢(X;,U;), where ¢ is a

measurable vector-valued function, and X, LU | X;. 1

For compatibility with A.1, J,D <gs U must hold. Pure randomization occurs when
D=U, with X LU (put X =1).

Proposition 3.2 Suppose A.1(a) and A.2 hold. Then X L D|X. N
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In experimental studies, this result justifies treatment assignment (and receipt) con-
ditional on covariates X. In observational studies, this result provides key insight into
the selection of covariates. We explore this in depth in Section 6.

Our first formal identification result identifies p with p.

Theorem 3.3 Suppose A.1(a, b, c.i) and A.2 or A.2" hold with E(Y) < co. (i) Then for
all (d,z) € supp (D, X), p(d,z) = [r(d,Z,%) dG(Z | x) exists and p(d,z) = p(d,z). N

We call this a structural identification result because it identifies an aspect of the causal
structure, p, with u, a standard stochastic object. Because p is empirically meaningful
and empirically accessible, so is p, under the conditions given.

Using p, we can define the expected effect of any intervention to D. Specifically, the

average effect on Y of the intervention d — d* to D given X = x is
Ap(d,d*,x) = p(d*,x) — p(d, x).

We call this a “covariate-conditioned average effect of intervention,” or, leaving condi-
tioning implicit, an “average effect of intervention.” As a special case, this includes the
conditional average treatment effect of a binary treatment introduced by Abadie and Im-
bens (2002). Formally, the interventions (w,w*) underlying d — d* given X = z are
those satisfying d = D(w), + = X(w) and d* = D(w*), z = X(w*). With structural
identification, when (d*, z), (d,x) € supp (D, X), we have

Ap(d, d*vx) = AM@ d*,l') = y’(d*>$> - :U(dv .I),

so if Apu(d,d*,z) can be consistently estimated, so can Ap(d, d*, ).

Replacing = with X yields a random version of the average effect, Ap(d,d*, X), with
an optimal prediction property. Specifically, by the mean-square optimality of conditional
expectation, Ap(d,d*, X) is the mean-squared-error best predictor of the random effect
Ar(d,d*, Z,A) =r(d*, Z, A) — r(d, Z, A) among all predictors based on X.

Structural identification has fundamental implications for the interpretation of regres-
sion coefficients. Consider the familiar linear regression, E(Y | D, X) = DS* + X'~*,
with D a scalar binary indicator (dummy). Without structural identification, 8* and ~*
have only a predictive interpretation: they deliver mean squared error-optimal predictions
of Y given D and X (e.g., White, 1980). Given structural identification, however, §*
acquires causal meaning. Specifically, let d = 0 and d* = 1. Then for all =, Au(d, d*, x)

= [*; so structural identification ensures Ap(d, d*, z) = (.
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This significantly refines the usual ceteris paribus interpretation for regression coeffi-
cients. Specifically, 5* is the covariate-conditioned average effect on the response of an
intervention d = 0 — d* = 1, averaging over unobserved X, conditional on observed X.
The unobserved X is not “held constant,” but is averaged over; the observed covariates are
not “held constant,” but are conditioned on. These distinctions are important: “holding
constant” is a counterfactual operation associated with interventions, whereas averaging
and conditioning are stochastic operations. Further, the remaining coefficients v* do not
have any necessary causal interpretation; they possess only their predictive interpretation.

Next, let D = (D, D5), and suppose E(Y | D, X) = D187 + Dy55 + X'v*. Now let
d = (0,0) and d* = (1,0), so that intervention changes only d;, holding ds constant at 0.
Under structural identification, for all x, Ap(d,d*, ) = Ap(d,d*,x) = 7. This is the
expected effect of an intervention to d;(0 — 1) holding ds constant (at 0), averaging over
the unobserved explanatory variables X conditional on the observed covariates. Now
one of the causes of interest (D) is held constant. Here 7 and (3 (corresponding to
conditionally exogenous variables) have causal interpretations, but v* (corresponding to
covariates) has only a predictive interpretation.

These interpretive considerations hold generally. In linear regression, this means some
coefficients may have causal meaning and others may not. Recognizing this could have far-
reaching implications for the way researchers assess the plausibility of empirical results.
Similarly, in more general contexts, certain differences or derivatives may have causal

meaning and others may not. Which these are is determined by structural identification.
3.2.2 Covariate-Conditioned Average Marginal Effects

The average marginal ceteris paribus effect on Y of D; given (D, X) = (d,x), is

£.(dx) = / D, (d, 7, #) dG(# | ).

where D; = (0/0d;), provided the indicated derivative and integral exist. This is related
to the average derivatives of Stoker (1986) and Powell, Stock, and Stoker (1989). It
is a weighted average of the unobservable marginal effect D;r(d, z,a), averaging over
unobserved causes and attributes, given observed covariates. We call {,(d, ) a “covariate-
conditioned average marginal effect,” or just an “average marginal effect.”

The next condition permits interchange of derivative and integral for p to structurally
identify average marginal effects. By d(;) we denote the (k; — 1) x 1 sub-vector of d
containing all but d;, j € {1,... ki }.

Assumption A.3 For given (d,z) € supp (D, X), suppose the function & — r(d, Z, &)
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is integrable with respect to G(- | z), that is, [r(d,Z,#)dG(i | x) < oo, and suppose
that for the given (d(j), %), (d;, %) — D;r (d,&,#) exists on Cjx supp (X | &), where C;
is a convex compact neighborhood of the given d;, and supp (X | ¥) is the support of X
given X = . Suppose further that for the given (d;), ¥) and for each & in supp (X | %),

sup ’ Djr (d,[i’,l’) |§ Q(d(J)vi‘wx)a
djECj

where ¢ is a measurable function such that E(q(D(;), X, X)) < oo |

When A.3 holds for r and D;r, we say “D;r (d, Z, %) is dominated on C; by an integrable

function.” Our next structural identification result is a continuation of Theorem 3.3:

Theorem 3.3(ii) If, in addition to the conditions of Theorem 3.3(i), Assumption A.3
holds, then the functions d; — p(d,z) and d; — pu(d,z) are differentiable on C;, and
D;u(d,z) = Djp(d,z) = ;(d,x) = [Dyr(d,z,%)dG(& | d,z). W

This identifies an aspect of the causal structure, {;, with an aspect of the stochastic
structure, D;u. To consistently estimate §;, it thus suffices to consistently estimate D; .
White and Chalak (2006) discuss this estimation.

Average marginal effects are identified only for elements of the conditionally exogenous

causes D. Derivatives of p with respect to elements of X have no causal interpretation.
4 Structural Identification For General Measures of Effect

Interest also attaches to effects of interventions on aspects of the conditional response
distribution other than the mean. Heckman, Smith, and Clements (1997) draw attention
to this issue in the context of programme evaluation. Imbens and Newey (2003) discuss a
variety of such effects. For wage determination, Firpo, Fortin, and Lemieux (2005) study
effects of binary treatments on aspects of the unconditional response distribution, such
as the variance, median, or density. Here we discuss identifying causal effects of general

interventions on general aspects of the conditional response distribution.
4.1 Three Ways to Define General Effects

One approach uses the covariate-conditioned counterfactual moment
pold; ) = To(p1(d, @), po(d, ), . ..),
where 7 is a known function, and for known scalar-valued functions 7,
p(d, ) = /Tk(r(d, 5i)dGG | 2), k=12,
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The moment effect on Y of the intervention d — d* to D given X = x is
Apo(da d*v ZL') = Po(d*a :B) - po(d7 $),

and the marginal moment effect on Y of D; given X = x is D;py(d, x).
For example, let 71(r) = 1[r < y] for y € R (cf. Imbens, 2004, p.9), and let 74(p;) = p;.
Then effects on the conditional response distribution are defined from the counterfactual

conditional distribution function

po(d, x) = /1[7"(d,92’,3'é) <yldG(i | z).

Or let 71(r) = r, 7o(r) = r?, and put py(d,z) = py(d,z) — p,(d,z)*>. This defines the
covariate-conditioned counterfactual variance, yielding conditional variance effects.
When conditional exogeneity holds, the counterfactual moment function and the cor-

responding effects are structurally identified.

Theorem 4.1 Suppose Assumptions A.1(a, b) hold. For k=1,2,...,let 7, : R — R be
a known measurable function such that E(74(Y)) < co. (i) Then u,(D,X) = E(14(Y) |
D, X) exists and is finite, and for each (d, x) in supp(D, X)

Mk(d,x)z/m(r(d,i,i)) dG(i | dx),  k=1,2,. .

If 79 : R*® — R is a known measurable function, then the function p, defined by p(d, x)
= 7o(py(d, x), py(d, x), . ..) is also measurable. (ii) If A.1(c.i) and A.2 or A.2’ also hold,
then for each (d, x) in supp(D, X )

pu(d, ) = / r(r(d, 7, ) dG(i | )

exists and is finite, and p, = p, £ = 1,2,...; the function p, defined by p,(d,z) =
To(p1(d, ), po(d, ), ...) is measurable; and py, = py. |

General effects also arise from the covariate-conditioned counterfactual optimizer
pold, x) = argmaX/T(r(d,iz,ii’),m) dG(Z | x),
m

where 7 : R x R* — R is known, so that py(d, z) is a A x 1 vector of aspects of the coun-

terfactual conditional distribution. For example, effects on the conditional a-quantiles
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of the response arise from
7(r,m) = —|r —m| (allr > m]+ (1 — a)l[r < m]).

Now py(d, x) defines the covariate-conditioned counterfactual a-quantile function, a con-
ditional analog of the “quantile structural function” of Imbens and Newey (2003). The
associated effect is the covariate-conditioned analog of the quantile treatment effect of
Lehmann (1974) and Abadie, Angrist, and Imbens (2002).

Taking m to be a vector and 7(r,m) to define a quasi-log-likelihood function permits
the optimization approach to focus attention simultaneously on multiple aspects of the
counterfactual conditional response distribution, such as location and scale. Taking
7(r,m) to define a utility function yields effects on optimal actions of interventions to d

conditional on X = z.

Theorem 4.2 Suppose Assumptions A.1(a, b) hold. (i) For A € N, let 7 : Rx R* - R
be a known measurable function such that E(r(Y,m)) < oo for each m in R*. Then for

each (d, z, m) in supp(D, X) x R* the conditional expectation

or aldy7,m) = / (r(d, &, %), m) dG(i | d, z)

exists and is finite. (ii) Further, let 7,7, and (d, v) — G(- | d,7) be such that ¢, ;(d, z,m)
defines a continuous real-valued function on supp(D, X) x R*, and let M: supp(D, X) —
R* be a non-empty and compact-valued continuous correspondence. Then for each (d, z)

in supp (D, X) the correspondence

d,z) = d
tio(d, ) argmgfém)%,d( , T, )

is non-empty, compact-valued, and upper hemi-continuous. (iii) If A.1(c.i) and A.2 or
A.2" hold also, then

o (d,z,m) = /T(T(d,i,i),m) dG(z | z)

defines a continuous real-valued function on supp(D, X) x R* such that for each (d, z,

m) in supp(D, X)x R* we have ¢_(d, z,m) = ¢, 4(d, z,m); the correspondence

d.z) = d,x,
po(d, ) argmgﬂlﬁw)%( x,m)

is non-empty, compact-valued, and upper hemi-continuous; and p, = . ]

27



A third way to define effects uses implicitly defined moments p,(d, z) such that

/T(T(d,i,i),po(d, 2))dG (i | 7) = 0,

where 7 : R x R* — R is known. This method has not been previously studied to the
best of our knowledge, although it contains many instances of the moment or optimizer
approaches as special cases. For example, this py(d, z) can represent first order conditions
defining the interior optimizer of some objective function. The implicit moment approach
generalizes and complements the optimizer approach in the same way that method of

moments estimation generalizes and complements maximum likelihood estimation.

Theorem 4.3 Suppose Assumptions A.1(a, b) hold. (i) For A € N, let 7 : R x R* — R*
be a measurable function such that E(7(Y,m)) < oo for each m € M C R*. Then for
each (d, z, m) in supp(D, X) x M the conditional expectation

b, o(d,x,m) = / (r(d, &, %), m) dG(i | d, z)

exists and is finite. (ii) Further, let 7,7, and (d,z) — G(- | d,x) be such that for each
(d, », m) in supp(D, X) x M, 1, ,; is differentiable on a neighborhood of (d, z, m), the
A X A matrix V.1, 4(d, z, m) is non-singular, and ¢, ;(d, z,m) = 0. Then there exists a
unique function p, such that for each (d, z) € supp(D, X), y, is differentiable at (d, z),

and

/T(r(d,i’,j&),uo(d, x)) dG(% | d,x) = 0.

(iii) If A.1(c.i) and A.2 or A.2" hold also, then there exists a unique function p, such that
for each (d, ) € supp(D, X), p, is differentiable at (d, z);

/T(T(d,if,i‘),p()(d, x)) dG(Z | x) = 0;

In each case, for (d, x) and (d*, z) in supp(D, X ) and given the covariate-conditioned

counterfactual distribution aspect p, the p—effect of the intervention d* — d to D given
X==xis
Ap(d,d*,x) = p(d*,x) — p(d, x).

Our results identify these in terms of the corresponding 1 as
Ap(d,d*,z) = Ap(d,d", x) = p(d*, x) — p(d, x).
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The value x need not be factual, so there is an allowed counterfactual aspect to condition-
ing. Comparing the effects of an intervention d* — d for different values x and z* gives an
average p-effect difference Ap(d,d*,z*) — Ap(d, d*, x), measuring how the expected effect
changes with a “change” in the covariate outcome. The covariates are thus accurately
called “effect modifiers” in the epidemiological literature.

In Section 3.2.2, we studied average marginal effects. We defer treating general mar-

ginal effects to Section 5, where we study weaker conditions for identification.
4.2 Unconditional Effects

Covariate-conditioned effects can be used to construct unconditional effects. Let F' be
any distribution with support on a subset of supp (X). The unconditional(—F') p-effect

mean is

(@ d's 8. F) = [ Ap(d ', 2) AP ()

When conditional exogeneity structurally identifies Ap, it also identifies ;1,. For example,
consider a single binary treatment, with Ap(0,1, x) the covariate-conditioned average
effect of treatment. Let F' = F}, the covariate distribution for the treated observations
(D =1). Then p,(0,1; Ap, F) is the familiar average effect of treatment on the treated
(e.g., Rubin, 1974). Similarly, the unconditional(—F") marginal p-effect mean is

p1(d; Djp, F) E/Djp(d,:c) dF(z).

Other descriptors of the distribution of p—effects can be straightforwardly defined using

other unconditional(—F") p-effect moments, such as

(4580, F) = [ Apld, ' )t dF(@) o

w,(d;Djp, F) = /D]-p(d, x)* dF(x).
For brevity, we leave aside further discussion of these possibilities.
4.3 Implications for Estimation

Given structural identification of any counterfactual aspect of the conditional response
distribution it suffices to estimate the corresponding standard aspect, as estimates of ef-
fects follow by taking suitable differences or derivatives of the estimated aspect. White
(2006) and White and Chalak (2006) study estimation for settable systems. Neverthe-
less, to contrast structural identification with stochastic identification we now sketch the

construction of estimators under structural identification.
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First, consider the covariate-conditioned optimizer of Theorem 4.2,
to(d, x) = argmax/r(r(d,f,i),m) dG(Z | d, z).

Given structural identification, p, = p so it suffices to estimate yi,. For this, parameterize
the argument m by specifying a function of parameters 6, say § — m(d, z,0), such that
m(d, z,0") = uy(d, x) for all (d,x) in supp (D, X), so that §* solves

wese [ 7(0(d,5.5),m(d..6)) dG(E | d.),
€

where © is an appropriate finite or infinite dimensional parameter space. When 6" exists
and is unique, we say that 0" is stochastically identified. Structural identification is neither
necessary nor sufficient for this. For example, in linear regression stochastic identification
fails in the presence of exact multicollinearity.

Given a sample of n observations (Y;, D;, X;), an estimator 0, of 0* solves

max n 'y 7(Yi,m(D; X;,0)),

bOn i=1
where {O,,} is a suitable sequence of subsets of ©. If ©,, = © and © is finite dimensional,
the method is parametric. Nonparametric methods arise when © is infinite dimensional.
For example, apply the method of sieves (Grenander, 1981; Chen, 2005).

Next, consider the covariate-conditioned implicit moment i, such that

/T(T(d,f,i),uo(d, x)) dG(Z | d,z) = 0.

Given structural identification, p, = p,. Now parameterize the solution p, specifying a
parameter space © and a function § — m(d, x,0), such that m(d, z,0") = uy(d, z) for all
(d,x) in supp (D, X), so " satisfies

/T(T(d,i},i),m(d,x,é’*)) dG(i | d,z) = 0.
That is, 6" solves the implicit moment conditions E(7(Y,m(D, X,0")) | D,X) =0. Sto-
chastic identification holds when 6* uniquely solves these. To estimate 6%, apply paramet-

ric or non-parametric versions of the methods of moments (Hansen, 1982; Ai and Chen,
2003) or empirical likelihood methods (e.g., Shennach, 2004; Ragusa, 2005).
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5 Structural Identification Without Conditional Exogeneity

We now study identification without conditional exogeneity. This yields conditions
ensuring identification at specific values (d, z), i.e., locally. In some cases, we obtain

necessary and sufficient conditions. We also obtain “near identification” results.
5.1 Explicit Moment Effects

First consider the relationship between p, and p, of Theorem 4.1 without A.2.

Theorem 5.1 Suppose that A.1(a) holds and let
s(d,z,3)=1—dG( | x) /dG(3 | d,x) =1 —dG(d | ) / dG(d | &, z).

(i) Then for all (d, z) € supp( D, X ), [s(d,x,%) dG(i | d,x)) = 0; (ii) Further,
let A.1(c.i) and the remaining conditions of Theorem 4.1(i) hold, and suppose that
E(s(D,X,X)?) < oo and E(14(Y)?) < oo, k = 1,2,... . Then for all (d,z) € supp
(D, X), pp(d, x) as defined in Theorem 4.1(ii) exists and is finite, and

:uk(dv l‘) = pk(dv l‘) + 7k(d7 {E),

where

vi(d, ) = /Tk(r(d,i,jj)) s(d, x, %) dG(Z|d, x), kE=1,2,...

(iii) Further, for all (d,z) € supp (D, X),
h/k(dvx)‘ < O-<d7x;7-k) O-(dwr; 8)7 k= L,2,...,

where o(d, z; ;) = [var (74(Y) | (D, X) = (d,z))]"/? and o(d,z;s) = [var (s(D, X, X) |
(DaX) = (drr))}l/Q' u

The discrepancy score s(d,z, ) measures the relative departure from conditional inde-
pendence at (d,x,%). By (i), the discrepancy score has conditional mean zero.

By (ii), p(d, z) differs from p,(d, x) by the moment discrepancy v, (d, x), which, given
(i), is the conditional covariance of 74(Y) and s(D, X, X). Thus, v,(d,z) = 0 is neces-
sary and sufficient for structural identification of p,(d,x). This is a local identification
result, specific to a particular (d,z). Conditional exogeneity is sufficient for this, but not
necessary. It suffices that s(d,z,z) = 0 for all & € supp (& | (d,z)). Matzkin (2004)
gives related results involving local identification under some monotonicity assumptions.

The Cauchy-Schwarz inequality gives (iii), bounding the moment discrepancy and

establishing continuity with respect to (i) local dependence of 7;(Y") on unobservables,
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measured by o(d,z;7y); and (ii) local conditional dependence, measured by o(d,x;s).
If either is small, then so is the moment discrepancy. Theorem 5.1(iii) is thus a near
identification result. = The bound is best possible in that equality is attained when
\Te(r(d, Z,%))| = |s(d, z, )| for given (d, x) and all & in supp(X|(D, X) = (d, x)). Similar
results follow by applying the Holder inequality in place of Cauchy-Schwarz.

Theorem 4.1 treats pug(d,x) = 7o(py(d, x), py(d,x),...) and py(d,z) = 7o(p;(d, ),

po(d,x),...). The general moment discrepancy is

Yold, 2) = po(d, ) — po(d, ).

If 7¢ is affine in its arguments (e.g., the covariate-conditioned average response),

70(d7 .I') = 7_0('7/1(617 $)772(d7 .T), e )

Theorem 5.1(ii) then implies that the “apparent effect” Ay, (d,d*, x) is contaminated by
the effect discrepancy

Avyo(d,d*, z) = To(Ay,(d, d*, ), Ayy(d, d*, x), .. .),

where Ay, (d,d*,z) = v, (d*, x) — v, (d, ),k =1,2,. ...
Even if 7 is not affine, v, depends globally and smoothly on the ~,’s, under plausible
conditions. For brevity, let 7¢ depend continuously on p = (pq,..., #,)" taking values in

a compact set, K. Then

o0 o0

To(p) = Z a;cos (1'0;) + Z b; sin('0;),

i=1 i—1

gives the Fourier series representation, where a;’s and b;’s are Fourier coefficients, #,’s are

appropriate multi-frequencies, and equality is in the sense of uniform convergence. Then
To(i) — Tolp) = [D_ aicos(u':) — Y aicos(p'0:)] + > bisin(u'0;) — Y b;sin(p'6;)]
i=1 i=1 i=1 i=1
for any u,p € K. Standard trigonometric identities give

cos(u) — cos(v) = 2sin(u)cos([v — u]/2)sin([v — u]/2) + 2 cos(u) sin®([v — u]/2)
sin(u) —sin(v) = —2cos(u)cos([v — u]/2)sin([v — u]/2) + 2sin(u) sin®([v — u]/2).

Letting v = p — p and substituting into 7o(u) — 70(p) then gives
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[e.9]

Yol v) = 2 laisin(u'6;) — bicos(4'6;)] cos(v'6;/2) sin(7/6;/2)

=1
o)

+2 Z[ai cos(p1/'0;) + b; sin('0;)] sin®(7/0,/2).
i=1
The general moment discrepancy -y, thus depends globally and smoothly on . Theorem
5.1(iii) then ensures that the effect discrepancy A<, inherits continuity with respect to
both conditional dependence and local dependence of the response on unobservables.

Significantly, this implies that neglecting proxies for unobservables that have minor
relevance for determining either the response or the cause of interest leads to correspond-
ingly minor distortions in the apparent effect. Thus, priority should be given to including
proxies for variables most relevant to determining the response and causes of interest.

Marginal effects are similarly affected when A.2 fails. We add further structure,
gaining analytic convenience without losing much generality. We now require that possible
values for X do not depend on the realization of D, though they may depend on that
of X. This permits conditional dependence, as the probabilities associated with these
possible values can depend on the realization of D.

Recall that a o-finite measure 7 is absolutely continuous with respect to a o-finite
measure v, written 7 < v, if n(B) = 0 for every measurable set B such that v(B) = 0. If
n K v, we say v dominates 1 and call v a “dominating measure.” The Radon-Nikodym
theorem states that if n < v, then there exists a positive measurable function f =dn/dv,
the Radon-Nikodym density, such that n(A) = [ , fdv for every measurable set A.

Assumption A.4 For each x € supp X, there exists a o-finite measure v(- | x)
such that (a) for each (d,z) € supp(D, X), the measure G(B| d,z) = [,dG(Z | d,z) is
absolutely continuous with respect to v(- | x); (b) for each = € supp (X), the measure

G(B| z) = [; dG(Z | x) is absolutely continuous with respect to v(- | z). W

By Radon-Nikodym, there exist conditional densities, say g(Z | d,z) and ¢g(Z | z) such
that dG(Z | d,z) = g(& | d,z) dv(Z | ) and dG(Z | x) = ¢(& | =) dv(Z | ). Conditional
dependence arises whenever g(Z | d, x) depends non-trivially on d.

Next, we impose differentiability and domination conditions.

Assumption A.5 For given j, D;g (% | d, z) is dominated on C; by a function integrable
with respect to v(- | z) at (d,z). W

We also impose the analog of A.3:
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Assumption A.6 For given j and k =1,2,..., (D;[(74 o r)g](d, z, %) is dominated on
C; by a function integrable with respect to v(- | ) at (d,z). W

The differentiability of g implicit in A.5 and differentiability of 74 o 7 with respect to d;

implicit in A.6 ensure existence of the product derivative D;[(7) o r)g].

Theorem 5.2 Suppose Assumptions A.1(a) and A.4 hold and let s(d,z,%) =1 — g(Z |
x) /) g@ | dx)=1—-g(d| x)/g(d | Z,z) (i.a) Then for all (d,z) € supp (D, X)
[s(d,x,%)g(i | d,x)dv(i | ) =0. (i.b) If A5 also holds, then for the given (d, z)

/D]‘ log g (% | d,x)g(%|d,z)dv(i | x)=0.

(ii) Further, let A.1(c.i), A.6, and the remaining conditions of Theorem 4.1(i) hold. Then
the functions d; — p,(d,x), k = 1,2, ..., are differentiable on C; and

Dipy(d ) = [ Dyralr(d, ) 903 | d.aio(i | 2

—i—/Tk(r(d,i:,ii)) D, log g(@ | d,x) g(& | d,z)dv(Z | x),

(iii) TIf, in addition for k& = 1,2,... E([D;74(r(D, X, X))]?) < oo and E(s(D, X, X)?) <
00, then for k. =1,2,...

Dy (d, v) = &, ;(d, x) + d1p(d, x) + 6. 1(d, ),
where
Eudo) = [ D@ s 9) g | 0dv(i] 2
brpj(diz) = / D (r(d, 3, 7)) s(d, @, &) g(it | d, x)dv(@ | )
Saps(dx) = / o (r(d, 7, #)) Dy log g(i | d, &) g(i | d, )dv(i | o).
(iv)(a) Letting o(d, 2:D;(r4 o)) = [ var (Dyrs(r(D, X, X)) | (D, X) = (d,2))]"/2,
| G1p5(d,2) |< o(d, 3 D (r 0 7)) o(d, a3 5).
(b) If in addition F([D; log ¢(X | D, X)]?) < oo and E(74(Y)?) < 00, k =1,2,..., then
02,15 (d, x)| < o(d, z;74) o(d, x;D; log ga)
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where o(d, z;D; log gq) = log g(2 | d,x)}*g(2 | d,x) dv(Z | x .
h d,z;D; 1 D; 1 v | d 2g9(i | d, ) dv(i 1/2 |

Thus, Djuy, is a contaminated version of §; ;, the covariate-conditioned average mar-
ginal 7, moment effect. The causal discrepancy is dy; = 01x,; + d2%;. Conditional
exogeneity is sufficient but not necessary for this to vanish. The causal discrepancy
01,k,;(d, x) vanishes if the discrepancy score s(d, z, &) vanishes for all #. The causal dis-
crepancy sy ;(d, x) vanishes if the marginal discrepancy score D; log ¢(% | d,x) vanishes
for all Z. Result (iv) bounds the moment discrepancies. We thus have local identification
and near identification results analogous to those of Theorem 5.1.

Results relating to D;u, to D;p, follow straightforwardly. For brevity, let 7o depend
on a k X 1 vector, and write p = (uy,...,p,.) and p = (py,...,p,.). The chain rule gives

Djpg = V'7To(p)(Dju), Djpy = V'7o(p)(D;p),where Vg is the x x 1 gradient vector of g
with respect to its arguments, and D;u and D,p are xk x 1 vectors (D; operates element

by element). Adding and subtracting appropriately gives

Djuo — Djpy = V'ro(p )[Djp — Djpl

+[V'7o(1) = V'1o(p)] (D) — [V'To(1) = V'70(p)][Djpr — Djp)
= V'7o(1)d; + V' (1t,7) (D) = V(1 7)9;,
= do(i,7,95),

where d; is the vector with elements dy ; and V' (1,v) = V'70(p) — V'70(p) holds with
v = p—p and smoothness assumptions on 7 sufficient for the Fourier series approximation
above to hold in a suitable Sobolev norm. The marginal general moment effect discrepancy
do(ft, 7y, 6;) can vanish for specific values of (d, z) under special circumstances. It vanishes

for all (d, x) under conditional exogeneity.
5.2 Implicit Moment Effects

We subsume optimizer-based distributional aspect effects into the study of implicit
moment effects, viewing optimizer-based distributional aspects as implicit moments de-
fined by the first order conditions of the underlying optimization.

The implicit nonlinear definitions of 1, and p, present significant challenges to directly
obtaining a tractable representation for the implicit moment discrepancy v, = 1y — pg, SO
for brevity we do not treat this here. Nevertheless, implicitly defined moments can often
be well approximated by the explicit moments analyzed in Theorems 4.1 and 5.1.

An analysis of marginal effects analogous to Theorem 5.2 is more straightforward. To
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succinctly state our next result, we now write

/TM gq dv = /T(T(d,i’,fi‘),uo(d, x)) g(& | d,x) dv(Z | x).

When the integral of Theorem 4.3(iii) exists, we write

/T,, g dy = /T(r(d,zf:,ié),po(d,x;ﬂ) ol | ) dvli | o).

When the referenced derivatives exist, we now write D; 1, as the A x 1 vector containing
the derivatives Dju,;(d,z), i = 1,..., A, and D;jp, is now the A x 1 vector containing
Djpo(d,z), i =1,...,A\.  For 7(r,m), let V,7, denote the A x 1 vector containing
(0/0r)ri(r(d,z, %), po(d,x)), i =1,...,\; let V, 7, denote the A x 1 vector containing
(0/0r)Ti(r(d, &, %), po(d,z)),a = 1,...,A; let VI, 7, denote the A x X\ matrix whose ith
row has elements (0/0m;)7;(r(d, 2, ), po(d,x)), j=1,...,\, i=1,...,\; and let V| 7,
denote the A x A matrix whose ith row has elements (9/0m;)71;(r(d,Z, &), py(d,x)), j =

1,...,A, i=1,...,\. When the integrals and inverses exists, we define Q, = — [V, 7,
gadv,Q,=— V.7, g dv.

Assumption A.7 (a) The elements of 7(r(d, Z, %), py(d,z)) g(Z | d,x) are dominated
on C; by a function integrable with respect to v(- | =) at (d,z). (b) The elements
of 7(r(d,z,%), py(d,z)) are dominated on C; by a function integrable with respect to
dG(- | z) at (d,z). N

Theorem 5.3. (i) Suppose the conditions of Theorem 4.3(i) and A.1(c.i) hold, that
E(s(D, X, X)?) < oo, and that E(7(Y,m)?) < oo for each m € M C R*. Then for each
(d,z,m) in supp (D, X) x M the conditional expectation

v (d,a, m) = /T(T(d,i,i),m) dG (i | =)

exists and is finite. (ii) Further, let 7,7, and + — G(- | ) be such that for each (d, z,m)
in supp (D, X) x M, v is differentiable on a neighborhood of (d, z, m), the A x A matrix
V. (d,z, m) is non-singular, and ¢ (d,z, m) = 0. Then there exists a unique function
po such that for each (d,x) € supp (D, X), p, is differentiable at (d,z) and

[ 758, py(d.2)) G 1) o
(ili) If A.4 and A.7 also hold, if 7 is differentiable and for the given (d(;), ), (d;,%) —
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D,r(d, z, &) exists on C; X supp (X | #), and if (), exists and is finite and non-singular,
then
Djpy = Q;l/vﬂp (Dyr) g dv.

(iv) If in addition A.4(a) and A.7(a) hold and if ), exists and is finite and nonsingular,
then D, = Djpy + 6,5, where

(50,]' = (51,j+527j+537j
61, = Qpl/ver<Dj7“)8gddU

>

N

.
11l

Q;' / 70 (D; log ga) g dv

d3; = /(Q;lvr Ty — Q;lvr 7,) D1 gadv.

(v)(a) Suppose E[(7,7(Y, po(D, X)) 7, 7(Y, po(D, X)) (D;r(D, X, X))?] < oo, define &(
- 5T Dyr) = [ e, e To(Dy7)? gg dv]*/?, and let A, denote the largest eigenvalue of
(Q;“Q;l). Then

18,411 = (31,60)'7 < X5 (527D (- 5)
(b) Suppose E[(Y, juo(D, X)) 7(Y, j1o(D, X))] < o0, define 5( -, 7,,) = [[ 7,7 ga dv]*/?,
and let A, denote the largest eigenvalue of (Q,”Q,'). Then

162 < A25( - 57,) o - ;Djlogga).

(¢) Suppose E [/, 7(Y, 1o (D, X)) 7, 7(Y, p1o(D, X))] < 00 and E[7, 7(Y, po(D, X)) ;
7 (Y, po(D, X))] < 00, and define 5(-; Q' 7, 7, — Q, e 7,) = [[(Q Ve T — Q) 707,
Qe 7w — Qe Tp) 9d dv]t/? and &( - ;D;r) = [[(D;r)? gadv]/?. Then

los;ll <6( - 5Qu" Ve =@,  Vr7p) (- ;D). W

The functions in (iii) - (v) above are implicitly evaluated at (d, z) as specified in A.7.

To interpret the marginal implicit moment effect discrepancy oo j, note that each of
its components vanishes under conditional exogeneity, as then s = 0, D; log g4 = 0, and
Q;lvmu - Q;lver = 0 (Theorem 4.3). If conditional exogeneity fails but the marginal

effect D;r (d, Z, ) is zero for all & in supp (X | d, ), the true marginal implicit moment
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effect vanishes (D;p,(d, z) = 0), but the apparent effect becomes

doj = Q;l /Tu (D;log ga) ga dv.

The important special case 7(r,m) = r —m offers further insight. Here Q, = @, =1

and V,7, = V,7, = 1. In this case, we have (cf. Theorem 5.2(iii))

do,; = /(Djr) s gq dv +/ 7,(D;log g4) gq dv.

Theorem 5.3 affords considerable opportunity to explore special cases of interest (for
example, when A = 1, consider the anti-symmetric case in which 7(r,m) = —7(m,r),
which applies to the conditional median). For brevity, we leave this aside here.

The first two components of d, ; are clearly conditional covariances, given that s and D
log g4 have conditional mean zero. The third term is generally not a covariance because
there is no need for D;r or Q,'V, 7, - Q,'V,7, to have conditional mean zero. Result (v)

provides a near identification and continuity result, generalizing that of Theorem 5.2(iv).
6 Constructing Covariates

Recall that Proposition 3.2 ensures conditional exogeneity (X L D | X) provided
D = ¢(X,U), where X L U | X. Thus, when the researcher controls D, conditional
exogeneity can be ensured using conditional randomization. The covariates are known
to the researcher, as they are part of the experimental design. The control necessary for
this is common for experimental or clinical researchers, and use of experimental methods
to study economic behavior is a rapidly expanding field (see, e.g. Lucking-Reiley, 1999;
List and Lucking-Reiley, 2000, 2002; Fershtman and Greezy, 2001; Harrison, Lau and
Williams, 2002; Karlan, 2003; Eckel, Johnson, and Montmarquette, 2003; List, 2004; and
Bettinger and Slonin, 2004). Our results are thus directly relevant there.

Outside the laboratory, economists can sometimes exploit randomization (e.g., An-
grist, 1998), but in the absence of experimental control, economists typically cannot rely
on randomization alone to identify effects of interest. We now study how Proposition 3.2
can be used to guide the selection of covariates in the absence of experimental control.

When D is a response generated beyond researcher control, we have
DL (RF X,

for some unknown measurable function ¢* and “D-relevant” explanatory variables (5( * X ),

say, where X* is observable and X* is not. The D-relevant explanatory variables may
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include elements of (Z, A) as well as other variables. These other variables cannot be
caused by ), as this would violate the requirement that )} <=g D; nor can these be caused
by D, as this would violate A.1(c.i).

Examining this expression for D, we see that Proposition 3.2 applies with ¢ = c¢*,
X = X* and U = X*, in the special case where X 1 X* | X*. Here, the covariates
are just X = X*. Generally, however, we might expect X* to contain useful predictive
information for X, even given X*, as X* and X could contain common elements. We
proceed, therefore, by augmenting X* with additional observables X+, say, sufficiently
predictive for X so that given X = ()~( * X ), X* no longer contains useful predictive
information for X: that is, X L X* | X. Further, the presence of “D-irrelevant”

variables X* does not adversely impact the representation of D. Formally,
D £ ¢(X*, X+, X*) = ¢*(X*, X¥),

where the function ¢ acts to “ignore” the D-irrelevant variables. The additional variables
X+ thus permit us to satisfy the conditions of Proposition 3.2 with U = X*.

An obvious source of such variables is X, as X and X are explicitly permitted to
be dependent under A.1(i). What other predictors for X are there? To proceed, we
separately consider predictors for attributes and for causes. For A, useful proxies are
observable attributes other than A, say B, correlated with A. For example, the attribute
of height could be used as a proxy for the attribute of gender and vice-versa.

In considering proxies for Z, it is useful to apply Reichenbach’s (1956) principle of
common causality, as in White (2006). This holds that dependence between two causal
variables arises either because one causes the other or because the two share a common
cause. As explained in White (2006), it follows that the only relevant channel for the
dependence sought here is for the observable proxy to be a response to Z. Specifically,
if Z were instead a response to a potential proxy, then a suitable substitution in 7 yields
a modified response function containing the potential proxy as a structurally relevant
observable cause. Although this may be helpful, this produces an observable cause, not
a proxy for an unobservable cause. Or if both Z and the observable proxy respond to a
common unobservable cause, then substituting the response function for Z into r yields
a proxy that is again a response to an unobservable cause, the underlying common cause.
Measurement error-laden versions of Z are useful proxies of this sort.

Similarly X 1 X* | X implies the symmetrical requirement that X+ is sufficiently
predictive for X* that given X = (X*, X*), X no longer usefully predicts X* = (Z*, A*).

Parallel to the discussion above, one may seek observable attributes B correlated with
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the unobservable D-relevant attributes, A*. Similarly, one may seek predictive proxies
responding to the unobservable D-relevant causes Z*

This discussion justifies Assumption A.1(c.ii): W <5 Z. Thus, the referenced causal
variables obey the recursive structure W <gs Z, D <5 (W, Z), and Y <s (D, W, Z).
This does not completely characterize the recursive structure of the settable system, as
not every cause of W is referenced by Z, and not every cause of D is referenced by (W, Z).
Assumption A.1(c.ii) is not necessary for our results; we include it in A.1 to emphasize
the natural recursive structure that arises when using predictive proxies.

Summarizing, the covariates should include: (1) observable structurally relevant and
D-relevant explanatory variables X and X*; (2) observable attributes B correlated with
unobservable structurally and D-relevant attributes A and A*; and (3) observable re-
sponses to unobservable structurally relevant and D-relevant causes Z and Z*. In A1,

the covariates are X = (W, X, B) Thus, proxy settings W can be generated as
WL w(Xr XXX, B B V),

where w is a measurable vector-valued function. New variables here are B, a vector of
W-relevant unobservable attributes, and V, a vector of unobservable random variables
(settings) such that V L D | X*, X* X, X, B, B (e.g., measurement errors).

It is important to emphasize that economic theory and application domain knowl-
edge play the key roles in identifying legitimate and illegitimate elements of the covari-
ates. Economic theory identifies structurally relevant explanatory variables, D-relevant
explanatory variables, and the responses yielding W. Domain knowledge identifies which
variables are observable or unobservable, and which observable attributes may be cor-
related with unobservable structurally or D-relevant attributes. Economic theory also
identifies variables caused by ) or D, not legitmate for constructing predictive proxies.

Although this provides specific guidance not elsewhere available for choosing covari-
ates, constructing (W, B) as just described cannot be proven to ensure X 1 X+ | X, so
conditional exogeneity cannot be affirmatively verified. Nevertheless, it is falsifiable: one

can test conditional exogeneity (see White and Chalak, 2006).
7 Unconfoundedness and Conditional Exogeneity

Unconfoundedness is a key notion in the treatment effects literature, introduced by
Rosenbaum and Rubin (1983) for a binary treatment, D, as “ignorable treatment assign-

ment.” It requires
(Y(0),Y(1)) L D| X,

40



where Y'(0) is response without treatment (D = 0) and Y'(1) is response with treatment
(D =1). As Imbens (2004, p.7) notes, this is also called the “conditional independence
condition” by Lechner (1999, 2001), and “selection on observables” (Heckman and Robb,
1985, following work of Barnow, Cain, and Goldberger, 1980).

In the treatment effects literature, the response function generating Y(0) and Y(1)
is typically not specified. In contrast, the settable systems framework explicitly imposes
theory-based structure to represent the response. With a single binary treatment, we
write Y (0) = r(0,7, A), Y(1) = r(1,Z,A). As in White (2006, proposition 3.2),
Assumptions A.1 and A.2 then imply (Y (0),Y (1)) L D | X.

Hirano and Imbens (2004) extend unconfoundedness to a continuous treatment D

taking values in D = supp (D). Their “weak unconfoundedness” condition is
Y(d) L D| X foralldin D,

where Y (d) represents the “potential” or “counterfactual” response to treatment d. As
is standard in the treatment effects literature, Hirano and Imbens (2004) do not specify
the response function generating Y (d). Nevertheless, by taking Y (d) = r(d, Z, A), one
can show that A.1 and conditional exogeneity imply weak unconfoundedness.

By not specifying a response function, one operates in a general context, as there is
no need to commit to any theory about how the response is determined, apart from its
potential dependence on the causes of interest. This appealing generality is costless in
experimental contexts, where the researcher can assign treatments by conditional random-
ization with known covariates. In non-experimental contexts, however, the price paid for
this agnosticism is that one has correspondingly little guidance as to the construction
of proper covariates. Moreover, in the absence of randomization, the availability of co-
variates is generally necessary for the identification of causal effects. Even if one desired
to proceed atheoretically, this would fail in practice, as economic theory must inevitably
play some role in the selection of covariates.

In contrast, by allowing economic theory to play its full and natural role in specifying
the variables potentially determining the response and causes of interest one gains broad
insight into the selection of legitimate and illegitimate covariates, as Section 6 shows.
Settable systems provide a framework in which economic theory can operate compatibly
with the higher-level atheoretic structures of the treatment effects framework. Given such
theory-based structure (Assumption A.1), the higher-level unconfoundedness condition
can play its key role, as ensured by conditional exogeneity.

The machine learning DAG approach also refers to “conditional independence” when
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identifying causal effects (e.g., Pearl, 2000). Nevertheless, we prefer to refer to A.2 as
conditional exogeneity rather than as simply a conditional independence condition, as
conditional exogeneity is a natural extension of terminology entrenched in econometrics,
aptly referencing causes of interest, unobserved explanatory variables, and covariates.

Referring simply to conditional independence does not afford sufficient specificity.
8 Summary and Conclusion

Settable systems unify three complementary approaches to defining and identifying
causal effects: the classical structural equations approach of the Cowles Commision; meth-
ods developed in the labor economics and treatment effects literatures; and the structural
Directed Acyclic Graph (DAG) approach of the machine learning literature. Settable
systems not only nest each of these, but also afford significant improvements to each.
Among other things, the settable system approach permits identification of causal effects
without exogenous instruments, generalizing the classical structural equations approach;
it relaxes the stable unit treatment value assumption of the treatment effect approach;
and it accommodates mutual causality and attributes, generalizing the DAG approach.

This work thus complements and creates the opportunity for further extensions of
the work of Heckman, Ichimura, and Todd (1997, 1998), Angrist (1998), Hahn (1998),
Hirano and Imbens (2001), Hirano, Imbens, and Ridder (2003), Imbens and Newey (2003),
Matzkin (2003, 2004, 2005), Heckman, Urzua, and Vytlacil (2005), and Heckman and
Vytlacil (2005), among others.

The settable system framework consists of a stochastic structure and a causal structure
that rests on this stochastic foundation. It permits precise definitions of cause and effect
and of interventions and counterfactuals, and it identifies the objects of experimental
control. It delivers straightforward conditions for structural identification of a broad range
of causal effects, based on the equality of counterfactual objects with standard stochastic
counterparts. The settable system framework yields extensive guidance, not previously
available, as to the construction of suitable and unsuitable covariates, making clear the
crucial roles played by economic theory and domain knowledge in this construction.

Given structural identification, identified effects can be informatively estimated by
standard methods. We pursue this in White and Chalak (2006), where we also study
tests for conditional exogeneity.

Our focus here is on recursive settable systems. Analysis of other partitioned settable
systems should yield identification results for effects associated with mutually causal re-
lationships, direct or indirect. Versions of instrumental variables methods may yield
effective estimators of such effects.

A related direction for further research is to study identification and estimation in the
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absence of the requirement that the causes of interest do not cause the ancillary causes
(Assumption A.1(c.i)). This raises the possibility of decomposing total effects into direct
and indirect components. Chalak and White (2006a) constitutes a beginning for this
inquiry, revealing further extensions of the concept of instrumental variables. Also of
interest is to construct statistical tests for validity of A.1(c.i).

Finally, it is our hope that empirical application of the settable system framework
and the reinterpretation of standard methods that it affords will enable clearer and more

robust understanding of causal effects in economic science.
9 Mathematical Appendix

Proof of Proposition 3.1 (i) Given A.1(a, b) and E(Y) < 0o, E(Y | D, X) exists and
is finite by Billingsley (1979, p.395). (ii) Apply theorem 34.5 of Billingsley (1979). H

Proof of Proposition 3.2 X and X exist by Assumption A.1(a). Given X L U | X
(A.2'), it follows from Dawid (1979, lemma 4.1) that (X, X) L (X,U) | X. Applying
Dawid (1979, lemma 4.2(i)) twice gives X L ¢(X,U) | X. W

Proof of Theorem 3.3 (i) Given A.l(a, b) and E(Y) < oo, Proposition 3.1 gives
w(d, &) = [r(d,z,&) dG(@ | d,x). Assumptions A.1(c.i) and A.2 then imply [ r(d,z,Z)
dG(i | d,x) = [r(d,z,%) dG(Z | x) = p(d, ), ensuring both existence of p(d,z) and
p(d,z) = p(d,z). (i) Assumption A.3 permits application of Bartle (1966, corollary
5.9) establishing the differentiability of p and p (by (i)) and ensuring the validity of an

interchange of derivative and integral, giving

Dju(d,x) = D;pld,z)
- /Djr (d,#,%) dG(i | x) (= &;(d,x))

= /Djr(d,:z,éé) dG (@ | d,z).

The first equality holds by (i). In the second, A.3 ensures the interchange of derivative
and integral, and A.l.(c.i) ensures the absence of terms involving (0z/dd;). The third
equality follows by A.2. |

Proof of Theorem 4.1. (i) For given k = 1,2,..., the proof is identical to that of
Proposition 3.1(i), mutatis mutandis (replacing r with 7, o ). The measurability of
po follows by measurabiity of compositions of measurable functions. (ii) For given k =
1,2,..., the proof is identical to that of Theorem 3.3(i), mutatis mutandis. Measurability

follows for p, just as for p,. That p, = p, follows immediately from p, = p., k =1,2,...
[ |
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Proof of Theorem 4.2. (i) Given E(7(Y,m)) < oo, the existence and finiteness of
©,.q (d,7,m) follow from Billingsley (1979, p.395). (ii) For each (d,z) in supp (D, X),
the existence of the non-empty, compact-valued, upper hemi-continuous correspondence
po(d, ) follows from the Theorem of the Maximum (Berge, 1963) under the stated con-
ditions. (iii) If A.1(c.i) and A.2 also hold, then for each (d,z,m) € (D,X) x R* ¢_,
(d,xz,m) = ¢, (d,z,m). Setting p, (d,z) = p, (d,z) completes the proof. W

Proof of Theorem 4.3. (i) Given E(7(Y,m)) < oo, the existence and finiteness of
Y, 4 (d,z,m) follow from Billingsley (1979, p. 395). (ii) The existence, uniqueness, and
differentiability of p, follow immediately under the given conditions from the implicit
function theorem (e.g., Chiang, 1984, pp. 210-211). (iii) If A.1(c.i) and A.2 also hold,
then for each (d,z) € supp (D, X)

/T(r(d,j,i),uo(d, ) dG(i | d,z) = /T(T(d,i,i),,uo(d, 7)) dG(i | 7).

Setting po(d, ) = ug(d, ) completes the proof. W

Proof of Theorem 5.1. Given A.1(a), the densities dG(Z | d, z) and dG(Z | z) exist and
can be written dG(% | d,x) = dG(d, x,%) / dG(d,z) and dG(% | ) = dG(z, %) / dG(x).
Consequently, dG(Z | z) / dG(Z | d,z) = [dG(z, %) / dG(x)] / [dG(d,z, %) | dG(d,z)] =
[dG(d,z) / dG(z)] / [dG (d,x,%) / dG(z,%)] = dG(d | ) / dG(d | &,x). (i) We have
[s(d,z,%) dG(& | d,x) = [{[dG(Z | d,z) - AG(Z | x)] / dG(& | d,z)} dG(Z | d,z) =
[1dG (& | d,z)— dG(& | z)] = 0, given that dG(Z | d, z) and dG(& | x) are each conditional
densities. (ii) Given A.1(a, b) and the conditions on 74, Theorem 4.1(i) gives py(d, z)
= [74(r(d,z,2)) dG(Z | d,z). Adding and subtracting appropriately, with A.1(c.i) we

have
pp(d,x) = /Tk(r(d,:ﬁ,ji)) dG(Z | x)
_ / r(r(d, 3, 7)) dG (G | d,7) + / r(r(d 3, %)) [dG(E | 7) — dG(E | d, o)
= u(d,z) + /Tk(r(d,j,:f)){[dG(ﬂx) — dG(# | d,z)] /| dG(Z | d,x)} dG(Z | d, x)

= u(d,z) — /Tk(r(d,i',i“)) s(d,x,%) dG(% | d,x)

= Nk(d’ fL‘) - ,Yk:(d’ fL‘)

The existence of p,(d, z) follows given E(7;(Y)) < oo and the existence of v, (d, z) follows
from the imposed second moment conditions and the Cauchy-Schwarz inequality. It
follows that p,(d, z) exists and pu(d,x) = p,(d,z) + v,(d,z). (iii) The result follows
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immediately from the Cauchy-Schwartz inequality, applied to (ii) and using (i). W

Proof of Theorem 5.2. (i) Assumptions A.1(a) and A.4(a) ensure that for each (d, x)
in supp (D, X), g(& | d,x) = dG(Z | d,z) / dv(Z | x) is a density by the Radon-Nikodym
theorem (e.g., Bartle, 1966, theorem 8.9), so [ ¢(% | d,z) dv(Z | ) = 1. Assumption A.5
ensures that the left hand expression above is differentiable with respect to d; by Bartle

(1966, corollary 5.9). Differentiating both sides of this equality with respect to d; gives

D, /g(i d,x) du(i | ) = 0.

Assumption B.4 further justifies interchanging the derivative and integral on the left by
Bartle (1966, corollary 5.9), so that

/ng(f \d,z) dv(E | z) = 0.

Substituting D;¢(Z | d,z) = D; log g(& | d,z) g(Z | d,x) delivers the desired result. (ii)
Given A.1(a, b) and the conditions on 7, Theorem 4.1(i) gives p,(d, z) = [ 7(r(d, z, %)
dG(Z | d,z). Substituting dG(Z | d,x) = ¢(& | d,z) dv(Z | ) gives

e (d, ) = / re(r(d, 5, ) g(E | d,z) vl | 2).

Assumption A.6 permits application of Bartle (1966, corollary 5.9) establishing the dif-
ferentiability of 1, and ensuring the validity of an interchange of derivative and integral,

giving
D,uy(dya) = /Dj((Tkor)g)(d,x,i) (i | )
_ /Dj(m o r)(d, &, 7) g(# | d,z) dv(i | 2)
+/Tk(r(d,5c,a:~)) D,g(d | dx) dv(i | ),

where A.1(c.i) ensures the absence of terms involving (0x/dd;) in the second equality.
Substituting D;g(Z | d,x) = D; log g(% | d,x) ¢g(& | d,x) delivers the result. (iii) The
moment conditions ensure ‘E(Dka(r(D,X,X))S(D,X,X))‘ < oo by Cauchy-Schwarz,

ensuring the existence of 0y ;(d, z) and thus of

fk’j(d, x) = /Dﬂk(r(d,i,fi’)) 9(Z|d, x) dv(@|z) — 614,,(d, x).
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The result now follows from (ii). (iv) The result follows immediately from the Cauchy-

Schwarz inequality, applied to (iii) and using (i). [ |

Proof of Theorem 5.3 (i) We write

. (d, x,m)

/T(r(d,:ﬁ,:ﬁ),m) dG(% | x)

= /T(r(d,is,&}),m)[dG(i | z) / dG(Z | d, )] dG(Z | d,x).

The imposed second moment conditions ensure the existence and finiteness of this integral
by Cauchy-Schwarz. (ii) The existence, uniqueness, and differentiability of p, follow
immediately under the given conditions from the implicit function theorem (e.g., Chiang,
1984, pp. 210-211). (iii) Given the assumed differentiability of ¢, and Assumption
A.7(b), we have

Dy (d, 2, pold, 7)) = / D;7(r(d, 7, %), pold, .)) AG( | x) =0,

where the interchange of integral and derivative is justified by Bartle (1966, corollary 5.9),
and the equality holds because v (d, z, py(d, x)) = 0 for all (d,z) in supp (D, X). Using
the assumed differentiability of 7 and r, the differentiability of p, ensured by (ii), and the

chain rule gives

/[Vﬂp D;r + V.. 7, Dipy] dG(i | ) = 0,

where we exploit the notation introduced preceding Theorem 5.3 in the text. Solving for

Djp, given the assumed existence of Q' = —[[ V7, dG (& | )]~ yields

D,p, = Qpl/VTTp D,r dG(Z | z) = QPI/VTTP D,r g dv,

where the second equality holds given A.4(b). (iv) A similar argument invoking A.4(a)
and A.7(a) instead of A.4(b) and A.7(b) gives

Dju = Q;l /[Vﬂ'# D, + 7, (D; log ga)] g4 dv,
given the assumed existence of Q' = —[[ V], 7, ga dv]™". It follows that
Djtg — Djpy = /[Qulvrm —Q,'V.7, 9/94 Djr ga dv + Q)" /TN(DJ- log g4) ga dv.

The expression for Jp; holds by adding and subtracting terms appropriately. (v)(a)
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815015 = [[ 7375(Djr)s ga dv] QMQ, [[ 77p(Dr)s ga dv] < A[f 7,7,(Djr)s ga dv)f
[/ V,7,(D;r) s ga dv] by the Rayleigh inequality. The result then follows by Cauchy-
Schwarz. (b) Analogous to (a). (c) Analogous to (a). W
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